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PREFACE 


8*««<.l  «<  P*«W  W«.  will  «rf  ta  «UI«oo  Cl»««  V  «Kl  VL 


Toioina,  Ootofaar  M,  itM 


A.  T.  DiL, 


OBAPTBR  I 
■Q<7ATioin 

I««i»  the  rang,  of  ..rklioo^l^'^li^^  b*  •«*  m  to 

pl-oe  from  wlueh  «-»«4«Lu  i«  «2k  "»••••  ori«i».  «r 


(can  he  looked  upon  «  casing?  •tiir!^,?'*^  ««»  the  or<g|«, 
|of  the  distance  of  that^int  f^*K  ""**•••  "^•^7'  «>e  meS^ 
|po.itivenumbe«.„^be^j'!:«?\"^  ^  i-^greTSS 
H  ««**-  """nbei,  by  J^^to'^r^,!'*^  ^  right  ofTor^ 
-earned  by  the  point  oHheorig^*  'f  "i?*  ««»  --»ber^ 
ly^ntB  a  eoBrtant  nwnber :  .  ^^Jt:  *^  ***"*  *»»  *»»•  «»• 
ol  «H>ving  in  the  line,  a  varu4  nSZr^  **  "«~^  « *^^ 


8 


ALQBBRA 


Return  now  to  tlie  expression  3«- 9.    If  to  as  be  assigned  the  tsIims 

0.i,l,li2. 

the  ralaes  of  2as  -  3  are  found  to  be 

-8,  -3,  -1,0,1 

It  follows  then  that  2«  -  3  is  also  a  variable. 

Any  quantity  whose  valae  is  determined  when  the  ralne  of  a 
certain  variable  quantity,  as  a^  is  given,  is  called  a  ftmetiOB  of  that 
variable.  Thus,  2x  -  3  is  a  function  of  «.  This  funotion  is  further 
described  as  one-dimtUiiolUkl,  or  UnMUr  in  the  variable  x. 

As  has  been  seen,  the  linear  function  2«  -  3  is  a  variable,  its  value 
depending  on  and  changing  with  that  of  x'.  On  this  account  «  is 
caUed  the  indtpendeilt  Tmiabto,  and  if  the  value  of  the  function 
2x-3  is  denoted  by  u,  then  u  is  called  the  dtptndent  varialllA. 
The  relation  of  u  to  »  can  be  exhibited  by  means  of  a  tKagram.    Funt^ 


draw  X'OX  on  which  to  r^resent  the  values  <^  ob,  O  being  the  origfaoL 
Thai  through  O  draw  TJOU'  at  right  angles  to  this  line. 

First,  suppose  x  to  have  Uie  value  2^,  carried  by  the  point  N.    T^ 
corresponding  value  of  «  is  fcmnd  to  be  2.    Mark  the  point  S  at  a 


BQUATI0N8  ^ 

dfatwoe  2  from  N  in  the  direction  OU.    Then  this  point  8  indicate.  V 

beto«  1/1*7  S  "'^'^  ^^  ^'^^  P°'°*  **'  *''•  ^•'"^  of  u  i.  I,  and  M 
W^re,  the  pom  R  indicate,  by  it.  pcition  that  the  value  of  uTl  tf 

noin^'oT^K*"  '*'  '*^'**  ^y  '*•*  P°'"'  ^  'he  valne  of  u  i.  0  and  the 
P-nt  Q  (the  «n.e  point  a.  L)  on  the  line  X'OX  indicate.  thS  fact 

t«  .•:^'*  r   •  "^"^^  ^  '*'•  P"'**'  K'  '»••  ^»'«e  of  «  i.  -  1      We  aim-, 

ThM,  to  each  value  of  x  correspond,  a  value  of  «    «^  •# 
construct  the  assemblage  of  point.  P0R8  •  •      ..  '      **  *'  ""• 

X'OX  TTnn'  *^    u-  L    .  ^  vajue.  of  «  considered.    The  lines 

linear  function  of  ar     Thenn!!L         V?™"*'  «»  *»"**  ««+  6  i.  a 

An  exprenion  a. 


,^ 


^L&EBRA 

BZBRCI8B8 
L  Oonikniel  the  gnph  dL  the  following  linear  fanotiom  { 
«-7,  3at,  8x+4,  6-8ak 

S.  Oonatrnot  th«  gnph  of 

s-t-8 


9x-l 


for  TaloM  of  at  in  iho  intwral  (  -  8, +2). 

8.  Sheir  that,  whaioirer  bo  tho  falttM  <rf  a  iind  6,  the  gi»ph  of  a«+6  it » 
■tnightUn*. 

Hmmo  ihow  tlMb  wlion  two  tiIum  of  any  intqpnl  linear  fanetion  hare 
bMD  foand  tho  graph  may  be  oonatmeted. 

9.  ttgldfleaaet  of  an  IqutiOIL    Sapptee  that  the  solution  of 
the  following  simple  probleni  is  required  ^ 

Fimd  ihe  nwaihtr,  tk»  doubh  qf  ta4«e&  dittwi^Atid  bjf  3  it  equal  to 


Let  X  doiote  the  nvmber.    Then  by  the  condition  given 

22-S-O. 

We  have  here  an  equfttioili  a  statement  to  the  effect  that  the  ezpreati<« 
2«  -  S  it  equal  to  sera    It  is  readily  seen  that 

2«»3andx»l|. 

The  M»  of  the  equaticm  is  now  manifest.  If  it  had  been  a  qnestum  oi 
the  eaqpnteion  or  Junction  2a;  -  3  only,  we  should  have  regarded  »  as  a 
▼ariable,  and  as  x  varied  the  value  of  Sa;  -  3  also  would  have  varied. 
The  equation  declares  that  2«  -  3  is  not  to  vary  but  to  have  the  definite 
value  xero^  and  it  follows  that  x  is  not  a  variable  but  has  a  determinate 
value  li.  In  an  equation  then,  as  the  one  just  treated,  the  x,  which  is 
not  a  variable  but  a  definite  number  whose  value  is  sought,  will  be 
called  the  unknown  qnanti^,  or  simply  the  unknown.  The  value 
of  tiie  unknown  is  called  the  roOt  of  the  equation. 

Hie  relation  of  the  expreuion  2«  -  3  to  the  equaiien  2x  -  3a>0  is 
now  clear.  For  different  values  of  x  the  expression  takes  difibrmt 
values;  the  equation  makes  it  impossible  for  x  to  vuy,  and  we  are 
required  to  find  the  invariable  or  definite  value  of  x  which  will  make 
S«-3e^fnal  tozMo.    In  like  manner  we  could  find  tite^altte  of  asthM^ 


MQXTATlONa  g 

When  to- 3-0,  the  value  of  «i«lj. 

.a«^^*^r!r*'^  *^"  *"•*"*  th«Mel ve.  eqwUtie.  wWoh  ere  not 

(«+!)(«- 1)  -(ai-l)«o 
or,  which  is  the  leme  thing, 

If  «» impli«l  maltipUbation  i.  performed  it  i«  ««,  thet  the  eonallt. 

atTexX'^s:^*^^""*"^^'*^^^*"*^ 

EXERCISES 

1.  <'°°^ct««»eq«ti<m.  pertaining  to  the  foilowiagpwbl«n.: 

(1)  Find  two  ««««mt|v.  i„fcege«  ,«,h  thefc  their  product  wiU  eieii^ 
thoiqawofthekecbyia  P«woc8  wui  eweed 

(2>  Af^ericthwetime.  -  old  «i  hi.  ««.  hut  in  16  t««  he  .«, 
h.  only  twice M old «i hi.  «,n.    Findtiieirpw.^^'* '^ 

(3)Aflw,nml00yd.inl0Ma,««iBinll»e.    Therrtertto^th^ 

(1)  Find  three  conwcutive  integer,  wch  thet  the  i«odn«k  «f  fk 
greatest  and  the  leut  ia  W  f  h..  n.^  -  .  J*"**"**  "  *«»« 

?y  unity  "^ '^  *»""*>' *^  "»«» i«t«g«r 

S^r  "" "^^^^^^  *»»•  l-^i on  theSTo^ 
»«««d  by  twice  the  rectangle  contained  by  the  partfc 


*°5^-' 


f" 


•  ALOMBMA  i 

9.  A*  fiaylt  IVUKtlOB.    TlwKW^nlUiiMrMiutkttii 

U  i»  sttppoMd  that  a  is  nofc  lero;  for  if  this  were  ths  OMS,  then  «eal(^  ; 
OBB  equal  mto^  Mid,  thsrsfors,  also  b  equal  2ufo,  and  then  wooki  be  no 
eqoation. 

It  follows  at  onoe  that 

and,  therefore,  that  ^ 

since,  a  not  being  sero»  division  is  possiUe. 

These  resnlta  are  necessary  and  it  follows  that: 

Xttrf  linear  tquoHon  ha$  on*  and  6n/y  ons  rccL 
It  is  woU  to  BQppoee  any  ^ch  equation  to  have  originated  in  some 
aetOai  pr  Uem,  »  measuring  some  quantity  whose  magnitnde  is  sought 

An  equation  of  the  form 

ax  +  bmcx-^d, 
is  readily  seen  to  be  not  more  general  than  tb<i  equation  ace  •!•  ft  aO. 


EZBRCISES 


1.  Solve  the  eqoatiMis : 


S.  The  Bides  of  a  triangle  are  89  ft.  42  ft.,  ^  ft-  in  length.  A  perpcn- 
dicolsr  is  drawn  to  the  side  whose  length  is  42  ft  from  the  opposite  angle. 
Find  the  length  of  the  segments  into  whioh  this  side  is  divided. 

Cunstract  the  triangle  according  to  walo,  draw  the  perpendioalar  as  indi- 
cated, anfl  BMasore  the  segments  to  test  the  aceuraoy  of  the  dranrifig. 


MQtrdTIONB 


-1.0,1,2, 

th«  ▼mloeg  of  a«  -  4«+ 3  «»  found  to  b* 

8.  S.  0,   -1, 

oiaB,    It  H  farther  dewibad  —  m  tnuMtm  ftf  tlrn  ■imnd  H»«rr..  ^ 

M«*»«.  flw««i  „  to  ft  .  J^^  *^2^^JJ«VJ^^ 

*•  *"^  ••  I"""**"-/ ».  th« » i. ,  ,.rirtte,  «d ,  g»,J  C^ta 

-i-tnc-d  whW.  .ill  „hiHt  U»  d.p.nd««  o«  «  .poo  »  ' 


curve  is  symmetrical  about  a  K^T!?^  J       .      **  °'***^  '^^  *^ 
J      «n«u  aoottt  a  line  at  nght  angles  to  tbe  axis  X'OK 


-..■g[i-4ii 


•  .  AlOBBBA 

thnpgh  th*  potet  OMrrjiag  tli*  taIm  3  of  a    TIm 
Im  dMwn,  for  w«  bar* 


for  fhk  totj 


Now/fnt  l«t  «■•  9  -  A,  »  TA^oe  k  Ic 
Thtn  for  this  Tslne  of  « 


than,  or  bdiind  i. 


Next,  Jet  «t  1 S  ■!•  A,  »  Talne  A  greator  than,  or  in  adyaaoe  of  9. 
Then  for  this  velue  of  x 

M«.(2+A-3)«-1 

Therefore^  whaterer  be  the  valne  of  k,  theie  two  Tsloee  of  «  are  tbe 
aaiiie»  and  henoe  any  two  Talaea  of  «  equidistant  from  2  give  the  lame 
▼aloe  of  «,  or,  in  oth«r  word%  the  graph  b  qrmmetrioal  about  a  liaa 
thron|^  teaiS  at  ri|^t  angle*  to  X'OX. 

Fnrdier,  the  gr^ph  indioatee  that-the  smaUeit  raloe,  or  miaiiinai, 

<rf«is  -l,andtUawhen  c-2.    The  reaaen  fior  this  ia  manifeett  for 

we  have 

!♦-(«- 2)«-l.     . 

Now,  (x  -  9)1  is  positive  for  all  valiies  of  x  except «  *  2,  wh«i  (x  -  S)* 
is  equal  to  anra  When,  therefore,  x  is  equiJ  to  2,  tiie  value  of  u  it 
the  smallest  possible. 

The  genenU  linear  quadratic  function  may  be  written 

ox'+ix+c 

and  for  «ay  assigned  values  ci  the  c(mstants  a,  b,  e,  tiie  behaviour  of 
the  fnncti<Hi  under  tiie  variatioa  of  x  may  be  studied,  and  indicated  by 
a  diagram. 
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miiCISBS 

1.  OoMtmot  the  gnplM  of  Mm  following  f  unotiona : 

1  Ooortruotth*  graphs  of  tho  following  fanoUoM: 

L".ri«r!!  ';"*  ""•  "^""""  °'  '^^  '"»•***»*  •»«»  '^  ^««  o'  »  which 
giTtt  this  nuximnm.  ""hw 

3.  Oonstmet  th«  gnpha  of  tho  foUowing  fonotiona :  "' 

««'-aB-6,  S««-8«+7,  4+6«-2««. 
J»-^«M.  toj the  minimum  or  ««m«m  of  tho  function  «,d  the  co«.. 

4.  Oonrtraot  the  graph  of  the  tnetimud  qmdntie  fonetion 

a8*-«-2 

for  valoee  of  as  between  -  2  and +4. 

If  one  part  be  the  number  «!,  then  the  other  part  is  4  -  «. 
Ibe  sum  of  tlie  parts  -  a; + (4  -  x) .  4. 

Hie  prodaot  of  the  parts  -x  (4  -«). 

.-.  4  -aj(4-a!)-l 
/.  !r«-4i»+4  -1 
.*.  afl-ix+3     -0. 

definite  number, «» unknown  «  yet.    We  «« to  «»k  tte  value  of  « in 
thM  equation,  or,  in  other  worda,  to  solve  the  eqnatioa 


E£a:';i':i' 


.. »    •  -^  »1- 


If' 

tliMimvst 


ALOMUU 

(a-8)(»-l)-0 


Mid  oaurwmlij.    This  iMt  rektkm  is  Mtisfled  if  either 

(1)  «-SaO,  1$.,  «-i3;  for  then  te-S-O  and  »-l>9,  to  tha* 
the  prodout  («-8)  (»~  1)  is  equal  to  lero, 

or 

(S)  «-l-0,  {.«.,»- 1,  for  then  te-l-0,Mid  c-S-  -3,  so  tiiat 

the  prodaot  («-8)  (a- 1)  is  equal  to  sera 

Thus  the  equation  has  two  rool»,  namely  8  and  1,  and  it  follows  that 
a  does  not  reproMnt  a  definite  number  but  one  of  two  definite  numbers. 
This  is  a  result  that  might  have  been  expected,  since,  x  standing  for 
one  of  the  two  parts,  and  the  equati<m  having  been  formed  on  this 
supposition,  eadi  part  has  mi  equal  claim  to  recognition. 

The  root « <■  3  gives  8  and  1  as  the  two  parts  of  4,  and  the  root 
c-il  gives  I  and  3  as  those  parts,  so  that  the  two  solutions  refer  to 
one  mode  of  division,  the  parts  being  mentioned  in  different  orders. 

FurtlMr,  no  value  of  x  other  than  8  and  1  will  satisfy  the  equation, 
for  any  such  value  would  make  neither  x  -  8  nor  x-l  equal  to  lero 
and  the  product  (x-8)  (x-1)  could  not  then  be  zero.  Thus,  Uiis 
quadratic  equation  has  two  and  only  two  roots.  It  is  to  be  noted,  too^ 
tiiat  the  Mlution  oi  this  quadratic  equation  consBsts  in  replacing  it  by 
two  lintar  tquationg. 

The  fpnufh  of  the  function  given  in  Art  3  brings  out  the  fact  that 
for  x*!  or  x« 3  the  value  of  the  function  x* -  4x 4- 3  is  sera 

As  in  the  ease  of  the  linear  equation  it  is  well  to  regard  any  proposed 
-quadratic  equation  as  having  originated  in  some  problem,  x  denoting 
some  unknown  number  whose  value  is  sought. 

We  shall  now  stbdy  the  general  quadratic  equation  with  a  view  to 
discover  general  properties  of  such  equations.  Let  the  general  quadratic 
equati<»be 

aa^+bx  +  cO 

where  a  is  supposed  not  to  be  zera 
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It 


\         m        a/ 
•••[(-^-a*-^)-(,4.-J)]-0 

.•.•[(-^^)'-(i^)']-o 

or  a  («+*±J^z5)  (x  +  *ZJL;Ei?)-0. 

ThitlMt  eqution  i.  then  «ti*aed  by  tho*,  value,  of  »  which  uAidf 
the  propoeed  equation  and  oonvereely.  Now,  in  order  that  thia  kat 
•quOon  may  be  satisfied  either 

Vi;«+       '—J fnutt  equal  tero^  which  requirea  that 


2a "*"*'  "^""^  '*"H  ^^'«^  requires  that 


2a 

PWnly  any  valu?  of  0  other  than  these  will  give  to  the  factors 
on  the  left  a  value  different  from  lero,  so  that  the  expression  on  the 
left  cannot  vanish.    Accordingly, 

Th0  general  quadratie  equation  Ka$  two  and  only  two  root$. 
^From  the  solution  above  given  it  is  plain  that  ihe/aetoring  o/tke 
mfre$$ion  axi^  +  hx  +  e,  and  the  $olving  of  the  equation  oa:«  +  ia!  +  c-0 
•re  equivalent  problems.  The  quadratic  expression  can  always  be 
presented  as  the  product  of  two  factors  linear  in  »  and,  it  may  be,  an 
additional  factor  not  involving  x-,  the  quadratic  equation  is  solved 
by  replacing  it  by  two  Unear  equations.  This  leUtionship  of  the 
««pression  and  the  equation  may  be  brought  out  otherwise^  as  follows. 


7  ■■ 
1 

" '  '■'••" ;;■"■'"■"■'■ ■ — -' ""' 

1 

I'' 

1 

i 

!   ■ 

' 

H 

1 

: 

1  , 

I!  . 

'     ■ 

J 

"**■ 

f 

I 

1 

It 

Dtnoto  Um 
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of  tb*  •qwtioii  M^-ffa-fe-O  bj  m  Mid  n  m 


u 


-  j±v£E5^ 


I. 


TImm  rooM  are  Algtbraiedly  Imtioiial,  that  b,  Umj  nqoir*  for  thdr 
txprawioQ  root  •jrmbolif  though  it  nmj  bo  that  for  givra  TalaM  of 
a,  A,  ^  tho  MrithmotioAl  taIom  of  tho  roots  maj  bo  fband.  If  Uw 
roots  MO  addod  mmI  noltipUod  we  h«ro 


a 


n. 


Um  roUtkiM  I  Mid  II  mo  oqniTolont;  in  I  tho  toIom  of  tho  roots  mo 
ospUoitlj  given,  bat  tho  results  giren  in  II,  on  account  of  their  sinplo 
form,  are  aitua  more  osefnL    Wo  now  have  tiie  expression 

aas*-|>&B-|-0'^a|<B*-t--tB+l|,  (identically.) 

-  ai  «*  -  (m -f  n)« + WMij, 

by  n,  m  and  n  denoting  the  roots  of  the  equation  a«*-t-&r+6«0. 

/.  aa;«  +  &r  +  o-o(af-m)(«-n) 
as  seen  before. 

The  two  roots  of  the  general  equation  are,  in  genera),  different,  the 
difference  being 

a 


tn^n' 


This  difference  will  be  zero,  ».«.,  the  two  roots  will  be  equal  tthould 
h  be  that  |/6S-4ae-0,  ie,,  6>-4«m;-.0  or  &s-4ae. 


1 

MQUATKUTM  „ 

•■••((-*;-S)-(5^)}- 
"  •{•*i}*-<^"*w»*«-4«»-o. 

Sirs:^  t^!:::^^  •  p-^-t  .^u^^  ....pt  ibr  ti.,  oo«. 

«w  •,•.«.,!■•  jwrfaot  iqMre  in  it.  wUtlon  to  *,  wd  tb« 

•«tond  th.  domain  ^number  ^^  '««»''  W  fartW  to 

For  flnt,  oooiktor  the  aqoation, 

«"  +  3a:-l-0. 
'IM  roott  aro  fband  to  U 

»«rt  io  poritin  or  nm.«  "  w!"'       ™*'«>«I  nualMr,  in  coo- 


AhBMBBA 


Nml, 


tht  MWiliOII 


Tht  looto  ftn  fouwl  to  l» 


Th»  ijBbol  |/'n7b  ft  igrmbol  of  woMlhlnf  for  whieh  no  oqalTalMit 
•dsU  MWM(  Um  nanbM*  alnody  trMlwl,  for  Ibo  «}«»•  ol  mj  post- 
tirt  BttiabMr  or  of  My  iMfRkive  nambor  Is  %  |MNitiTO  ttomlMr,  ud, 
thorafora,  flMuwl  oqaal  - 16.  After  tho  mmIosj  of  tho  OMrlier  osImi- 
■ioiM,  wo  ihoU  ooll  v'"^^  *  nambor,  on  laaffiBtfJ  WUAm,  to 
distlngttiah  it  from  thoM  numbon  proviomlj  oonsklorMl  whieh  will  bo 
«ollod  rttl  nmbm.  Tb«N  imofinorj  nambort  mo  odmiitod  m  m 
oatoono  of  tho  lows  of  olgobim,  ond  thoy  wUl  bo  rappoMd  to  ontor  into 
•U  opotfttiont  in  oooorduoo  with  thflse  Uwi.    Tha%  we  mj 

ond  the  rooli  of  Hm  oqoatioo  fl^  -  S«  +  5  -  0  oro 

i±V"^ 

AlaOk  it  i>  only  after  admitting  imaginary  numbon  that  wo  ean  eay 
that  the  oqoation  treated  has  rootii. 

A  number,  as  1  •|-2|/'^,  in  which  one  part  ii  real  and  the  other 
imaginary,  it  generally  called  a  oompltZ  BVinlMr. 

It  ia  readily  leen  that:  Tht  root$  qf  tht  tquation  aafl-i-bx-i-e^O 
wiUU 

(1)  real  and  imegtMi/;  i^6>  >  4a^ 
(S)  realan<{«9«a/;  {/'6>  -  4ae, 
(8)  complex,  ifl^<4ae, 

U  b«mg  mppoted  lAtK  a,  &,  e,  <A«  givm  wmittmU  <^  lk«  equatim,  atrt 
r»aL  ' 


j^r^ifKuri 


1.  RMolfalBloliMwfMlons 

■•+7«-»i     •■•-  ?■•»••  t 

t.  MvtilMtiiwtioM: 

•*-7a-»>S   -O;  •«•.  4«-ft  -Of 

7-ar-6«i'-ot  a«*-ii»+ti-a 

a.  Wlthowl  ■ohhiB  tl»  .qimllon^  d«l«r»lB«  th«  diMiMUr  o#  lilt  ,,.,,,^ 
wbjb«r  fMl  or  iaMfiMMrjr,  nad  if  ml  vImUmt  poaitiv*  or  Mfirtiv*-^  ||w 
foUowuigi 

fa*-».&»+1.0;  agi*-Ua4>10-0i 
-•  t  ?T*Ii!^  .***•  *«■•'*«>  ''•^  »«»*•  ww^  tfcoM  ol  Iko  OqiMlkNI 

«i«+fc??^^  A*  **'*^  '*^  ""^  •"•*^  tko-  o#  Ih.  oqMikNi 

■•  A«*'?!lor*  ****  *>"^^  *'»^  "«»*■  "W  ***«  •!»••  o«  tfc»  oqMtlon 

7.  CoiMtruotUiooqa«tlM»wliooorooto«»»||«i».    w>m of  t^w  wmirtlMi 

^^2jJ^**»*««*««>*<rftJ»»«4«irtlo«W+lfci,  mth^ndpnMl 

•^m«iidii«wlliorooUof  tl»ooq»|fc«  ti^-7,+8-0  joo-krw*  Ifc. 
•qnMioa  wboM  roots  MO 

(l)»«Md»»;   (8)lMdl,   (8)lll*»MMl«l.,». 

la  M«»«nd«MttJioroot«oftliooqBi»tkm««»+ta+c-Ooo«Mtryol4ho 
oqiMtfonwhow  roots  MO  w—wiiw  wo 

(l)«»siid»«,  (8)1  Mdl,  (8)  J-«d  1   , 

(4)««»ndii»;  (6)m«nMidiim«;  (e)!?.!^!*. 

11.  Find  tho  eradition  that  tho  oqostioiis  <e*-|.j»-|.«.0  and  >*+n4.«.0 
«n«j  BSTo  s  oomoKm  root 

U.  Vind  tiM  oonditions  that  Uie  two  equi^iotn 

«»'+6«+«-0 ;  jMs'+jaB-l-r-O 
nuij  Imto  til*  asm*  roots. 


If 
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la  Shaw  tluil  «Im  TidiM  of  Um  •iprwikm  o^-Sai+S  is  Mtv  for  »-l  01 
«>S,  ia  negatim  for  all  Talnaa  of  m  intamradiata  to  1  and  9,  and  la  pcriUm 
forallvaliMaof»astaii(Mrtotheintanral(l,  2X  \^        V 

14.  Find  for  what  Talnaa  <rf  OB  tha  azpnarion  X*- as- IS  iaiaio,  forwhal 
valnaa  of  « it  ia  nagativa  and  for  what  valnaa  of  as  it  ia  poaitiva. 

16.  If  tba  roota  of  tha  aquation  as*+|xe+9-0  are  known  to  be  raal,  ahaw 
that  th  J  expreauon  ae*+jn-l-9  ia  puaitire  for  valuiM  of  m  which  ara  not  rooti 
and  whieh  do  not  lia  between  tha  toota. 

If  the  roota  are  known  to  be  equal,  or  if  thej  are  known  to  be  imaginafy, 
what  can  be  infwrred  aa  to  aign  <^  the  ekprenion  x*-f  jn+f  I 

16.  Divide  a  giTen  atraight  line  of  length  a  (unite)  so  that  the  reotangia 
contained  by  the  whole  and  one  part  may  be  equal  to  the  aquaia  on  tha  otiiaf 
part 

Interpret  the  roota  in  Budid'a  oonatraotion. 

6.  Iqvationi  of  DegrM  mghm  than  tha  Boeond.  While  the 

general  equation  of  the  third  degree  uad  tiiat  ci  the  fourth  degree 
■dmit  solution  it  is  not  proposed  to  consider  tiiese  solutions.  However, 
there  will  be  discussed  certain  examples  of  »recial  types  which  do  not 
require  for  i^ir  eolation  a  knowledge  of  equationii  of  dq^ree  higher 
than  the  second.  The  general  equation  <d  the  fifth  or  of  any  hi^iw 
degree  does  not  admit  algebraic  solution. 

It  is  to  be  remariced  that  the  term  degree  is  aiqplied  to  an  equation 
only  after  it  has  been  brought  to  the  standard  form  (if  it  is  not  already 
in  tiiat  form)  of  a  polynomial  equated  to  aero.  Thus,  if  an  equation  is 
fraotioiial  in  the  unknown  it  has  to  be  olcMred  of  fractions  with  respect 
to  that  unknown,  or  if  it  is  irrational  in  the  unknown  <ti  haa  to  be 
brought  to  a  rational  form,  before  we  can  speak  of  its  d^^ree.  It  goes 
without  saying  that  often  the  reduction  can  be  anticipated  and  the 
degree  discovered. 

As  in  the  case  of  the  qtiadratic  equation,  when  an  equation  of  any 
degree  is  given  in  the  form, 

polynomial  in  «— 0 

it  will  be  seen  that  to  a  root  of  tke  equation  eorrupondt  a/aetor  iff  the 
polynomial.  This  fact  ia  so  important  that  a  formal  proof  will  be 
given.    The  following  lemma  will  first  be  proved: 


/("•)-?(«•).  (ii»-m)+r 
— r. 

Ij»jn  the r«n«nder.  i.  the  r«alt ol  wb.W^^^^ 

«noe  m  i.  «  root  of /(«)-0.  then/[m).0.    Let  now  ft:.,  K.    . 
nded  by  «-»;  m  hw  been  «•«^  the  remat-der  i.T«r  iV  i  ^ 
knowntobe«.m;  therefor, Zmn«ndT^«^^  ^"'•^<?> 

-  «•  is  •  &otor  of  /{m).  "™«naer  u  »ro,  ud  conaequently 

Bie  proof  of  the  oonvewe  theorem  is  immediate. 
Jfe.  1.    Solve  the  equation 

I.Z^ir^°'.'*'*^**"''«°»kn<»»»«.butif«.i.«««l«^ 
Bown  the  equation  ii  quadratia    Then      ^  """*  "  *^  "  '^Swded  aa  the 

(a^»-8(aB»)+16-0j 
i  is  Mtiified  if  ae>«8  w  if  a;*«6, 
J,  if  «=  ±  ^5J  or  if  a.  £^g^ 

-ikhe^Ten<2«jtio„ofthe/o«,ifcd.gmil««the>b«r«K,t.+J^  • 


w^ 


.ill..:-:.'. 
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Jki.    SolT«tlM«iwfeion 
FlaiiilymMk 


(«-l)(SB»+»+l)-<^ 


X-  • 


^«^l  .q««tdy -TO,  U.  by  th.  Tiao.  1  «d  th.  «»*.  of 


ae*-|-s-l-l-0, 


wbkh  ■«•  f oond  to  b« 

Thum  th.  given  •qu.tbm  of  the  tW«i  dagwe  hM  the  «fcm  too*. 

*» — Y  5 

Tl- -wrtion  mv  be  Ufc  in  the  form  a^-l  whence  it  .ppam  th.k  X  k 

other  two  iniaginMy.    The  two  imegmwy  root,  we  the  root,  of  the  equw 

a!»+«+l-0. 

^    DBnotethewrooU  by  »•»»*♦»•    !*•» 

tn**li  n»-l, «»+»-  - 1.  "*•»■*• 
Multiply  both  side,  of  the  iMt  relation  by  m».    Then 


Bafc«i*-L 


unityere  ^^^^^ 

The  reltion  m»  - 1  decUre.  thet  each  imagir^ary  root  «  ifc«  reciprocal  c 
liese  rebtions  Aould  be  verified  by  HOtu.il  oompuUtioiL 
ir,.S.  Solve  i2««+4«»-41««+4x+12-0. 

Thieequetionof  thefourth  degreeieol  .J-^J*^^ 
.  terlliuidistant  from  the  beginning  and  tfce  end  of  the«rr«^P^ 
^    ^^    The  method  of  «d«tion  of  .«cheqoetiou.«-foUow.. 


tQUATtONa  j^ 

nJ^^^I^"^}^  •^"•^  V  ••;  tW.  to  pwmtortw.  d„^  ... 

■       ir 
No»  «•+     din,,  (,„„,  ,1^  .       1  _    ,     . 

"('*i)"t«('+i)-«-a  -' 

•olving  it  u  seen  to  be  siitufled  bj 

X     6 

••     ««*-lJfar+e-0,  whence  x-|  or?. 

T*ke(ID  X+1--6 

X        2 

••     ««'+8«+2-0,whencex--2or-?. 
Therefore  the  equation  h««  the  four  root.  * 

i  I.  -2,  -J. 

he  equation.  I  .nd  II  both  being  of  the  form 


X 


w,  when  reduced,  of  the  form 

a*-*x+l-0 

llmve  the  product  of  their  roote  flnii.I  *v>  1    •  ^   . 

*her.  On  thto  account  an  eZl?^  L\*'""  ^  *^  ««ip««d  of  the 
^ch  faU  into  pair,  of  red^Tall  '^  P^P*^  »«!  h.v.  «ot. 
»«*»WX»1  •qiutten.  F««**o««bew.    Suoh  an  equation  to  eallad  • 


i    '- 
■I   : 


'•4 


AL&MMU 


(M'l)(»+t)(«+«)<»+*)-»«*^  , 

If  til,  to.1  Mrf  tl- lMl|M»OW  OB  til.  kft  «  ■•Wpli.d,  Mid  «li6  ^  «-■ 
fiMton  tiM  wiaiikiaB  ItkM  th»  f ocp 

How,  twrt*»+te+4a.th«  w^taKWI^  far  th«  tiM.  bdafi  Mid  d«oto  tt  bf  ii 


Mm  (I) 


Tlik«(II) 


.V    M-40  or  -4«. 

««+6aB+4-iO 

/.    ■■.-9ar+  4. 

(i^+6«+4--4« 
/.    «»+6aB+48-  6 

a»" II. 


Th,  wot.  ol  tho  i«oi««l  oqoi^ion  of  tho  ^«r«^  dogr.0  -  >S«r  in  Bombi 


•»     •»  2  * 

of  whidi  two  MO  iin»|^i»>7' 

U  i.  ModUy  «on  thrt  U  thk  oqwrtkm  to  «tioiidl«d  it  wm  be  of  t^ 
^^^^I7^id«^  iti.weUtoo»«i> 

^^:;P^!^n-»^o-'    Bywritingthoequtloathu.: 

a(«»+3«)-|/«»+3a8-l-n-0 
ifctoMOiiiliiit*  occurs  only  in  the  gtonping  x«+ar,  or  «^+8«- Jj«*«** 
tlier^ore,  write  the  eqoatioB  thvs : 


8(i^+Sse  - 1) -•«•+*«- 1  - 1*-®- 


!i! 


iw»(n)«.-|. 


aguAnoMa 

.-.  «-Sor  -|. 

ti*+8a-10-0 
•  •tor      -8. 

•"•faB-  1-  y 


tlw  wot,,  only  th.  tort  two  aitiaf,  tlw  •an.tu.  »  t 

BXBRCISB8 

SoI»«4l»toIhMrfag«,„rtioii.: 

«.  a8a^-8fa«-4r«-ate+a5-0. 
«.  (*+«)(«+4)(«+6)(x+«)-5040 

7.  «<-.i.o. 

a  («'-t-7«- 6) (*+8) (»+4)-i06d 


J  « 


•mm 


i#*»e(p« 


I 


i-r 
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7. 


HI  |«UiklOBi  cT  tbt  ftoH  ^'^^i'^ 

18,  liw  BtMBbm  S.  8,  -13««»       """  " 


SLtof  for  ItoTdi-  on  itmyiivm  miiv^  to««d|f. 
Oooiidwr  now  tlM  tqaAtioii 

Sc4>8y-18-  0 
«rwbkhi.th.«».thing         ^^3^.j3, 

PWnlf  J»  ta  « t-y  nintter  to  find  lolntioni  of  thU  eqnntiMi.  foe  tf  to 
iirSr thiol  yoontiiat-.-laUon.  jn^-^^f-^**  ^^ 

ioltowingt<btoo»hibit»»aoriiofioltttioM> 


«-6| 


3i 


} 


-I 


ffi.^V  wmMrki  t>ply  to  the  eqo^tion 

8«  +  2y-12=  0 

*  Jte+2y-12, 

■ad  ft  eeriee  of  eolntions  is  given  in  the  Uble, 


1 


2| 
3 


2 
S 


U 
4 


I 

5 


Among  the  «>l«tion.  of  the  two  equation,  we  ^o****  'i;*' ^ 
«-2,  y.S.  which  i.  eommon,  and  we  inquire  whether  it  »  the  onl 
mHjntion.    Inotherword..we«kfor.Uvftln«.of«.nd 

that  wiU  Mti4y  the  two  equations 

2fls+8y-l3        (I) 
8(r+3y-ia        (2) 


lliMinoi%  by  mbferaetioii 


MQUATtOim '  u 

•fOtMNMlfaM.    8iM»w»iiowrappow«MK|yiofhaoltMnrsuoh 

VllMS,tlM»MldtlMyi«(lMtwO«q»ltkNMar*tlM«UM.    llttMplyuig 

bo4h  ridM  of  (1)  by  S  Mid  bodi  sMm  of  (9)  bj  8  w«  iMTt  Um  MttiWU«i» 

Ml 

im+fymU       (S) 
t»-l-4y-8e.       (4) 

S«-10 
or  mm  1 

jBobrtitutfaf  tUs  valtto  of  a  in  olther  •quatteo  wo  find  the  Trioe  of  y  to 
Ibii3,  «o  thai «- 2,  jf- 3  b  the  only  oolutioii  oonunon  ta  the  two  equifc. 
Itkmi.  Hmm,  At  Iwo  Ikuor  4qtiati»m§  in  m  tmd  ^  mv$  eompitldM  *> 
Iduwmim  A»  mhm  </»  and  y. 

In  the  nae  w»y  the  two  general  linear  equa^lou  in  two  unknowns 

a'x+ft'y-fl', 
I  eewi  to  heve  one  and  only  one  eolation,  namely, 

mH-^V  ^^  ha-ha 

"**^*^T*?*°'  "~"  «!«»«<«.  in  three  TariabK  •  dnuJar 
uunatKm  will  diew  that: 

(1)  ^  linear  nua^  aOoHm  any  «.<»«  ,«*«|«^  fc,  j.  «,<^^ 

(2)  7W  liamrjquaiUnu  aUaw  a^  valu*  «oAa(M>^  to  ft.  «,^„.rf 

^^I^ZJ^  -^--^  *««■«<«•  ««V«-i^  rt^  •«&.«  ^lA. 

Theae  etotements  are  made  on  the  8an>oeition  that  the  equations 
»«««9.«cfea  and  conmlmj.    Thus,  the^quLms        "*•  •^"•'««" 

S«4-4y-2s»6 


I  lil 


I 


M.  .       AUtMBMA 

b»  ■jokiB  ti  m  two  •■— tfa— ; 


flMUM*  both  te  tra%  U,  art  ineoBiiibMt»  ff,  jfc  •.  Iwiiiff  MppcN«i  fl^^ 
and,  thtwiowt  OMMolbolh akHndotwining T»l«w«lft  ».  fc 

BSBRCIflUn     . 

Bob*  th*  f ollowiag  ^jitMM  ol  •qoiktioM : 

M-l-r 

-  -  a»^.6y+f«-»** 

8.  SiiBBttaBMBi  Iqiulioiif  biToMaff  tkt  VnkBOWBi  to 
2)MrM  BiglMr  than  tiM  fflnt  In  tUs  Art  will  bo  i^TOa  1 
•olatiou  of  oertein  ezamplM  which  iUtwtntoolaMMor  oqiwtioiM  wh 
moy  bo  iolvwi  without  opped  to  tho  iolotioni  o«  oqnafcloM  of  tho  th 

or  Um  loarth  <to^ree. 

Htro  on*  of  tho  gitw  oqortioM  is  lineK  ond  tho  oth«  <iiMdntie  In 
miknowni.    Sohatitalo  in  tiu  qpMhnitio  for  one  of  the  trnkaownt  it»  ni 
found  from  tho  lin«tf  oqortioB,  fa  t«fin»  of  the  othw  miknowB. 


990Anoim 


f IMIIlM  HmW  •fMtlMI 


bf  nlMlilaMMi  fai  Um  qMdnlte  •qwika^ 

(*^)'-(*^*).*v*!«f.»-«»-r. 


ir-lor-lf. 
' y-1.  •,  wUoh  aqMld  !l^,  ii  feoaj  to  b*  & 


(«-^ir-iX<»--A.y--lf). 

of  .qMiioM  0#  tb.  ktod  fa  q«„tfo«  will.  tl«.  «tarf||^ 


Akf.  Sob* 


••+  «y-ty<-7/    ^  ' 


■»a«"ffi««w.lM>w»m.o<ipMkl|«»fathrtt|i^ 


dflgTM    Um 


fc7«tlmowa    W« a»y  pot,  thm,  -«pu~  ny  •om. numlwr, 

miikiMiriiakiioini.  '""^    ^V 

[Stth^tituto  fa  th*  giT«i  «qq,tipn, .  tl,„ 


«^+«i«-8»V. 


>  1>7  tb«  dinnon  of  eqwa  qwatitlei, 


^• 


AiaaaMA 


yiHi^«lMrte|«if 

^+|-|)-T 


(4)  ^  iMf* 


ir«..t,y->-t/ 


11  ^  I 


,  iltto*  y- •»«.•■*«»- A* 


y-+« 


-s  U- 


•ft 


-«  + 


•ftl'v'w 


Jb;  #,   lolfV 


^-y»-9ey 
«  -y  -  *i 


w.fc— l»-«.mt«Boloo«llBtMr«nd«i6«iblo«q««*loii.    W«»<*«-1 

"^"^  ««+»y+^-4* 

Bvbititotiiig  for  at  from  «  -y-8.  w«  ha?* 

(8+yy+(a+y)y+/-<* 

/.  y»+8»-16-  0 
y«S,  or-  6. 

II  y.3,  th«n  x-6,  itao*  *  -  V-  «• 
If  y-6,  theu  «- -  5,  "inw  «  - y-  *• 

•ChoafoN,  two  lolatioDa  m*  yialded,  Mintly. 

(«-ft.  y-8),  (*- -8,  y- -  »)• 
.      Th«.  idirtk^i  would  d«»  !«»•  b.- obUu»«d  if  we  h-1  wbrtit 

for  «.  from  « -y-S,  in  th*  ofiffa*^  w***^ 


MQVdTtOMt 


m 


•>•-»•-  ft. 

ft.  •••t-y'-m 

■+y-    H 

*•+■»+»»-  r. 

^'  ftii-l-iy-ilft^ 

i^+l(«-ft8w 
1.  -ffty-ftvy. 

ftB4-lfy-«*4>9'. 


[1.  Plot  tU  aur?»  (U,  oonrtnict  the  gimph)  of  tli»  laartiqo 

h^o«<rf«betwe«i  -SMd4,aiidrt»te«n7iiifei«ioe.«.totlie 
ta«^  Mid  valM  ol  tlM  root!  of  tbe  aqm^oD 

^  wiU  boX'OX,  YO^.  the tori«»the«Hait«dtlielirtt«th.y^ 
»ti  drterminiog  tlie  eaire.)  »-«~" 


&IlM 

I 


AL9MUU 


Dilt 

IMO 

!••• 

loro 

1800 

1000 

1000 

>Bp«kliw 

17,000 

41^100 

5f,T00 

01,400 

OMOO 

1 

$,  nwfMltdpfiaMolA  MiyB  nUwuj  node  al  failwfda  «#  10 
di^t  wwtt  114, 11^  111,  100^  0I»  04.    Plot  •  Mm  MUWlia||  tht 
fai  nkm  of  tbt  Mork. 


4.  Tlw  vahHM  of  *  fM  ttwbr  otrteiB  pfowoioo  b  givw  faj  Um 
follo«iBftebmiMpraMwobili«iapo«Bd*  lo  tbt  afwrn  ittdi  and 
IhovohnMlnovbklvMi    " 


PNmwoI    11 

15 

10 

14 

97 

Vohno  1    00 

71 

00 

40 

40 

Plol  •  ewrvo  ilwwiaf  tbo  TMriotioa  in  toIobm  vador  Uw 
fnmnn  aad  mmjfttmn  tho  TolaaM  vndtr  ptOMwa  tl. 

giTM  y  ■•  a  fonelioB  of  m,  uumAj 

wDotnwfetlMgri^of  tbtfaaetioa.  ... 

(Mora.— Thia  graph,  wim  to  boa  olmight  lino,  is  aboipokm  of  aa 
tho  graph  of  tlM  <ff««lto»  a»-i- Sy«  94) 

6.  Oonstevetb  Nforring  thorn  to  tho  lame  axot,  the  gn^iho  of  fadi 
of  tho  o)aation% 

S«-i-4y-94/ 

9a?+^-17. 

Abot  lOfMNling  thooo  a*  two  simaltaneooi  eqnatlooi,  infer  from  thO 
gn^ih  tho  aolatioB. 


.   I 


MQUAtfOm 
T.  riBl  tl»  Mm  cf  tiM  AMt«kB 

««0  and  •- 4,  Md  obtya  Ml 


nOMcf  AlMliff 


t.  ItedtfMtOMiafMifllNtqMllMI 

bwni  to  hftv*  aqMl  voolft 

».  OMimloftlMtfMMMi 


■i-(*+l)«+(|j|+I).0 


fakaMmtotmMdllM 


^••MMdllMolbwbgrl    Had  tht  falMs  d  j| 

■MitllkWMMiiUMk 


•VmI  to  Um  diAr«M  btlvM  tiw  Rwli 

tlMVtlMi 


•Ob 
r-Ot 


11. 


11  8oK« 
11  8o1t« 
14.  Boh* 
10.  8elv» 
1ft.  8o1t« 


17.  fkAy 


18.  Swvv 


|i»(»«-4iw)-«P(tt-4,K> 

(•+8)  (•+5)  (•+7)  (•♦»)-$4«l 
l.i^+ft.-41-y'iii+l..^f. 

»««-51fl>^8M>61«.f.».a 

1^-1. 

8a^-0ay- 7«-f  lly4>  14-0^ 
4«-     y-  T-a 

oy+fli-fy-ll, 
<|f(x-|>y).8a 

a^-fSay.ie, 
•r+  f"-l«. 


il ' 


so 


19.  8ol^ 


20.  Solve 


ALQKBRA 

«+jf-  4, 
««+y*-82. 


21.  Shew  that  u  integral  qwdntie  fanotion  am  be  neolTed  hi 
linear  fMtora  in  only  one  way. 

WonW  (2«-S)  (ir-2),  («-|)  (2« - 4),  2 (« - 1) (a - 2)  be  regard( 
as  difierent  faotor-expreuiona  of  20*  -  7x + 6 1 

22.  The  expression  air>+&a;  -  11  is  known  to  be  equal  to  -  7  if  x- 

and  to  be  equal  to  4  if  «>- 6.    Find  its  value  if  ««S. 

« 

23.  Find  the  price  of  eggs  a  down  when  16  more  in  a  dollar's  wort 
would  mean  a  reduction  of  4  cents  on  the  price. 

24.  Two  travellers  A  and  B  set  out  at  the  same  time  from  t« 
places  P  aod  Q  respectively,  and  travel  so  as  to  meet  When  the 
meet  it  is  found  that  A  has  travelled  30  miles  more  than  B,  and  thi 
A  will  reach  Q  in  4  days,  and  B  will  reach  P  in  9  days,  after  they  mee 
Find  the  distance  between  P  and  Q. 

25.  Divide  a  line  40  inches  long  into  two  parts  such  Uiat  the  hypoti 
nuse  of  the  right-angled  triangle  <^  which  the  two  parts  are  Uie  side 
shall  be  the  least  possible. 

26.  An  article  is  sold  at  a  loss  of  as  much  per  cent,  as  it  is  worth  ii 
ddlars.    Shew  that  it  cannot  be  sold  for  more  than  26  dcdlars. 

27.  The  base  of  a  semi-circle  whose  radius  is  a  is  divided  into  tw( 
parts  and  on  these  parts  as  bases  semi-circles  are  described.  How  mus 
the  base  be  divided  if  the  area  bounded  by  the  three  circles  is  to  be  i 
UMudmumt 


CF  AFTER  n 


RATIO  AMD  *»ii0r0l»TlON 

1.  PreUmiaaiy.  When  two  dUbrent  nombera,  m  for  example  2 
and  8,  are  given,  the  fact  of  difference  may  be  regarded  in  diiferant 
ways.  Thus,  we  may  say  tha*,  the  absohite  diifenmoe  is  1,  meaning 
thai  2  is  less  than  3  by  1,  or  that  3  is  greater  than  2  by  1 ;  or  we  may 
consider  the  relative  values  of  the  two  numbers  and  say  that  2  is  two 
thirds  of  3  or  that  3  is  three  halves  of  2.  In  reganiing  two  numbers 
in  this  latter  way  we  arrive  at  the  concept  of  ratio,  and  we  see  that 
the  ratio  of  2  to  3  (in  symboU  2: 3)  is  expressed  by  the  fraction  |. 

The  ratio  of  two  numbers  being  expressed  by  a  fraction,  we  may 
speak  of  the  value  of  a  ratio  and  may  study  the  properties  of  ratios  in 
the  fractions  by  which  they  are  represented.  Indeed,  all  the  theorems 
proved  with  respect  t6  fractions  are  theorems  in  ratios. 

In  the  ratio  2: 3,  the  numbers  2  and  3  are  called  the  terms  of  the 
ratio,  the  former  the  antecedent,  and  the  latter  the  consequent 

If  two  numbers  are  equal  we  still  speak  of  their  ratio  j  thu  ratio  is 
expressed  by  the  number  1  and  is  called  a  ratio  of  eqnalitj.  A 
ratio  of  two  positive  numbers  in  which  the  antecedent  exceeds  the 
consequent  is  called  a  ratio  of  greater  ineqnaUty;  one,  in  which  the 
antecedent  is  less  than  the  consequent,  a  ratio  of  leiS  inequality. 

One  ratio  is  equal  to,  greater  than,  or  less  than  another  according 
as  the  fraction  which  represents  that  ratio  is  equal  to,  greater  than,  or 
less  than  the  fraction  representing  the  other  ratio.  When  two  ratios 
are  equal  the  four  numbers  in  order  are  said  to  be  in  proportion. 
Thus,  2, .%  10,  15  are  in  proportion  since 


2 
5' 


10 

it' 


The  statement  of  the  prc^rtion  in  symbols  is 

3:3::10:15 


*  ALQEBRA  '   \ 

^y>i^iMrf^U€om to  1krmo$tmU  to  JifUm.  To  flm?  whetW  < 
■ot  foar  giTsn  nambera  are  in  proportion  it  is  nooenMr  only  I 
•umino  whether  or  not  two  Inustions  are  equal.* 

Wh«.  mral  nnmber.  in  eequenoe  a.  «,  6,  «^  d;  ...>.•«' wo 
ttrt  a:6::ft:e::fl:rf:: theee  nomben  are  said  to  be  in  oon 

tteMd  proportion. 

H  three  nnmberii  a,  6, «,  are  in  oontiniied  proportion  »  is  laid  t 

*»^>MM  proportiOBal  between  a  and  «^  and  c  1.  .aid  to  be  a  tliln 
PVOHHirUoiUd  to  a  and  b.  ^^ 

«..w?*'*  w  T'^  (-y *»>roe)  ratio,  m  «:6.  c'.d,e:/,  the  rati. 
•».6<«rw said  to  be  OOmpoiUdod  of  the  given  ratio.,  and  hence  il 
thero  -re  -eveial  («y  four)  nnmber.  in  Mqaence  p,  q,  r,  ,,  then  th< 
wtfop  :•  1.  «id  to  be  compounded  of  the  ratio,  p :  J,  g :  r,  r :  A 

m  "*«««•  =  *•.«•:*•.•...  •«  <*Ued  the  duplicate,  the  trip- 
«WKO of  UieratiO|a:6.  ' 

a.  The  following  propoeition.  ai«  of  importance :  . 

(})-//^*/lj»*inequalitifuifurea,ed,aratioo/f^^ 
w  dimtmshed,  and  a  ratio  0/ equality  is  unehanoed  by  tho  addUum  oi 
A»  mmo  potUive  tnmber  to  each  term. 

I«t  the  ratio  be  a:  6  where  a  and  6  aro  podtive,  and  let  the  pontiTe 
number  *  be  added  to  each  term  w  that  the  resulting  ratio  iea+A- 
6 +*.    The  two  ratios  are  exprewed  by  the  fractions 


nwn 


a    a+k 
b'  bTk' 

*+*    6  b(blT) 


bib+k) 
Now,  *,  6,  a+A  are  podtive  so  that  the  sign  of  this  last  fraction  is  that 
of  6 -a.    Therefore  the  diflference  ^J-?  i.  positive,  negative 


or 


w  mnam  appmr  lUffientt  and  bmai.   Thtifadn»  toth«fM>ti.»t»»^i— -.^_Tr^^ 
MllMNOMltnpUtod.  DUMi,.  thow  ill  triiMi »»«,  !n«^BriK^S!«^rf^J^!^ 


^TtO  AND  PBOPORTION  i, 

»tioa:6  hM  been  increHed  if  6  is  m^ZT thJ^T •  !i .J^^  ^ 
<^<^l^i^^,j,  diminished.  ifTLlL.^"':i^fj*'*?j; 
it  OM  ol  greater  inequality;  wd  unchaiuiS^lfT?  ^  .'  ^'  ^^^^ 
the  ratio  i.  one  of  equluity  "««»»»«««  «  6  i«  equal  too,i,.,if 

The  given  ratios  are  expressed  by 

A  e 

y  a- 


•  ♦ 


I  Also 


^n  like  manner 


e<dk 


a 


e 

d' 


lultiply  each  side  of  this  equality  by  W.     H^ 

ad=>be. 


AJJ9MBBA 


YveVt    . 

•imhc 

then,  bj  diTiding  Midi  lide  bgr  H  ^"^  <^>t*iB  v         \ 

a     c 

i.«.,  tnhi'.e'.d. 

Cor,    J/ ad^be,  Uii  pUUn alto  AtU 

a      6  .  V 

Otr^fiirt,  if  a:b::e:d  a  /ottoiM  that  aie.ib  id. 

(lY).  ^  a  lb:,  c'.d  them  mu^  ratio  it  tpMl  to  tk«  ratio  ta^irmtd  I 

la+me  . 

Sinoe  r  Mui  3  Ar«  equal,  we  naj  denote  their  oommon  ▼•Ine  faj 

Then  a«6v,  e«<A)^  and 

to  4- me    ftp-t-wMJp 

.  a   « 
■■«,  the  oonmKm  vaine  of  r^,  2' 

nie  theorem  may  be  shewn  to  be  true  without  introduoing  the  quantity 

Fori! 


then 


• 

0 

'5 

0 

6 
"5 

• 

0 

lb 
"3 

to 

+  i». 

2& 

«.«., 


' 


to4-m0    <&  +  eKl 
"~7  d 

to  +  me 


••  B+m3 


-K-»> 


^TW  AND  PBOPOAnON  '|, 

Hie  tlMONm  may  be  stated  thu: 

_fe-Hiirf 


(nn^ 


Sinoe^ 


.^ it  follows  that? 
»  e 


^.    Bjr  theorwn  (IV)  «M5h  ol  these 


l«tter  is  eqaiJ  to  Ji±^,  a.  ijao  to  e±i* 
«"  +  "«'  jST^- 

fo  +  mrf    pe  +  qd 
:,  ^^  •*•****    fe+tnd 

j  The  theorem  may  be  given  verbal  statement. 

atudj:™"*"**''*'*^^    The  foUowing  examples  may  «^y 
^.  1.  If  a«  -  ty-O,  find  the  ratio  of  « to  y. 
[itfoUowsthat  a«-6y-0, 

I  Therefofe,  dividing  each  side  bj  «y,  w.  hsve 

oneTml^^i^^J/j-thr^-  '''  right  „„„ber.  ha.  every  lerm  of 
(vsl-e,.  detenlt  thrl^o  oTtt^'"*  «  "d  y  e«,h  to  have  dilfc«mt 

nd  ax+by+cfmO 

nd  the  ratios  x:y:«. 
Here  we  have  two  homogwieoo.  linear  equation,  in  «.  v  t    A. !«.  w- 


"■I 


1 


M  ALOMBBA  \ 

MoMpljiaf  Moh  mMubcr  of  tha  flnk  •qoftkkm  bj  r  aad  «m1i  —nbwr 
Mm  Moood  bgr  e,  w«  have, 

ane-firyfon»0 

ThtrtfoN,  diminting  s,  w«  hmf  , 

■(<|i-ar)-y(»r-ei)-0 

.-.    K(<p-ar)-y(6r-e9) 

m_hr-eq 
i'ep-ar 

or         .  *    »_3! 

6r-cg    tp-ar 

"Bf  tHmiwtiiig  y  w«  hftT*  in  like  manner    , 


Tbtraf ore,  the  relation! 


hr—cq    aq-hp 

-    y 


6r-ef    rp-w    ftg-6f> 
gire  the  ntioe  « :  y :  s. 

Thai,  while  at,  y,  «  nujr  veiy,  tiie  variation  in  mieh  aa  to  keep  the  roi 
«:y:soonatant. 

The  expreeeioM  for  theae  ratioa  are  important,  and  it  ia  eaqr  to  devia 
method  vl  witting  them  down  from  the  tlirae  triads 


Ex.8.  So1t9 


j:  r  n. 

2x  -Sy  +  c  -  <^ 

X  +2y  -28  -  0, 
a*+2y«-  «»-68. 


From  the  first  two  equationa 


*  y  « 

6-8  "  1+4  "  4+» 


«.«.,    - 


6  7 


Denote  the  oommon  value  of  these  ratioa  by  k. 
:.  x-«4Ir,  y»6ib,  s-7i. 


BAnO  AXD  fBOPOtiTtON 

in  tiM  thifd  of  Um  givw  •qartioM. 
:.  l«k*+0Qfc*-4afci      .68 

ft-4-Sor  >  t 


thcMlaUonsMv 
(1)(»-    8,y- 


-10,«--14X 


BZAMPLBS 
1.  If  H««-41«y+36y«-0flndther»tioof«toy. 
pro^::;;'*'  '^"*  o^  ^m  5+-,  7+.,  1U«  b.  m  oontmu^l 

yieW  ih?;lut?:r'"  '''^'  •<^<^  *«  each  f  m,  of  the  «tto  5 :8  wil, 

4.  The  length,  of   two  roctMgle.  are  in  the  ratio  a:«';   their 
hie^ith.  are  in  the  ratio  6:4'.     Find  the  »tio  of  their  aw.; 
8.  Find  tho  mean  proportional  between  12  and  70. 


6.  If  ^.i,thenwiU 
(1) 
(2) 


I'd 

tflb  +ai^    Ai  +  ctP 
o"-6»    "   «»_rf8    i 

3o»  +  7fe»»    3c»»  +  7rfw 


Shew  th4t  the*  ar«  illustration,  of  the  theorem:  //«  ^  ? then  anj, 
IbunUbeegualto  the/raaion  simiiarly  farmed  o/c  ZdT^ 


7.  If 


e 
>^  then 


^  ^iiiP+^"W• 
^  '86»  +  iW»-4prfT7«^* 


ALQMMMA 


1.  U 


m.  • 


%-3-r 


•  \ 


(«) 


BImw  thai  tlMM  M«  UIwiimUoiM  of  Um  UMoron :  "i^liM  or  mo 
J^mcHoM  mr*  «tm«ii,  Atn  mm^/rmeHom  wkttt  numtrahr  %$  a  hemoftnm 
Mfiimiinii  in  tht  imwmtdon,  mtd  dmtomintUor  an  Myntonon  iimiUm 
/brmtd  ^  i*o  rfdwwiwatori,  m  ojnial  io  <ny  ^Om  /raetUm  whom  wiwm 
•lor  it  komegmmm  mtd  qf  th»  tarn  dagrt*  in  tk$  nmmtmlan,  m 
dmtomittakr  tmiUairif  formtd  ^  lk$  dmoRMnalori.'' 

0.  If 


than 
10.  If 


I-t-m+n-O 

«-t-y      y+»        o-HB 
•  -f"5(y-«)"7(«-«) 


90»+91y+6«-0 
Mid  of  the  <iiuuititiM  o^  y,  «,  snppoMd  real,  two  an  of  one  lign  and  tl 


remaining  one  of  onpoute  lign. 


11.  If 
tb«iK«y*«> 

12.  If 

then 

13.  If 

tfa«n 


..JL. 


y-^»    «+a8    «  +  y 

m  y  « 

6+c-tt"c+o-6"a+ft-« 

(ft-o)»+(c-a)y+(o-6)«-0. 
ale 


'y'-««"ii^-j«y 
(ue+^-f  ee  *-(<>+ (+«)  («+y+«). 


14.  If 


MATiihAND  fMorottnov 


I  •»•*-( 


'-•   •+•- 


ibtB  (••••*-l'«)(|«-»>M-l>«y)«(«.fy|.t)(«»^«y4.MX 


!&  ir 


lA.  If 


Umb 


a     6     « 


•+•     y+*     •+«     («+y+Iir+(J»+T+? 


?• 


17.  Solf* 


I&  8o1t» 


19.  8q1t« 


Ts-lly-t-c-O^ 

ys-Stt-f-Stqf-  % 

6y»+An-18(ty--  0, 

4«-6y+7«-21. 


20.  Shew  th«t  the  three  equations 

c-fy-s.O, 

7«-9y+3c«0, 

SiB-i-Sy-Ss-O, 
I  cumot  all  be  tma. 


SI.  If  ?  .  I  tlM  vUl  M-l-ly  bt 
i^<f  y*  Mid  «^<f  I*,  apid  ooovtmty. 


prpjiiiftteiMil  fasivM 


ti.U'imtmithm 

•     •     • 


wiU 


•ad  eoBirwMl^. 

tS.  If  - ,  tLf   !  art  thrw  mtkw,  nol  all  •qnal,  uf  posMv*  qoaa 
tiM,  Mid  if  i^  M,  «  M*  posiUva,  UiMi  tht  ntio 

£iTMS~f  *M 
liM  in  valM  beiwem  the  grwtaiit  Mid  the  )«Mit  of  Um  given  ntiioa. 


OHAPTBB  III 


TABUnOV 

l.MfaBteAry.    In  th*  .pidJoirtlon.  ol  d|*m  tfi«  fctM^Uj 
pNMBt  IbMBwiTM  qiuwtiii«  wUeh  ftr«  ondergolng  or  my  U  MDMMwd 

•w»  Aay  problm  oonowiMd  with  raeh  TftrUbb  qouUtiw  wfll 
iaToh«iwooriiioi«  Twiabb  nambwi,  and  thcM  Bambm  an  nlatod 
■othalaohaog*  Ja  anj  om  wiU  oanw  at  least  om  othar  nuabarto 
«ham«.  That  part  of  tba  mibjeot  which  has  to  do  with  nwh  nlat«l 
vMiablas  and  the  laws  of  thsir  dopendMioa  on  ona  anothsr  is  oalbd 

TtristiML 

Tho  following  illostrations  should  ba  asaminad  in  onlsr  that  tha 
famal  thaorams  nay  ba  mora  raadUy  understood. 

/fTHilraliuN  J.    An  obsonrar  on  a  railwaj*  train  notes  that  at  a 

oertain  instant  he  is  passing  a  mile-post ;  at  the  end  of  1 1  minntea  ha 

:  notaathatha  paasss  tba  next  mUe-post,  at  tha  end  of  8  miaatea  tha 

naxt»atthaandof4}minvtesthanext,  at  the  end  of  6  minutes  tha 

nart»awiatthaandof  TJminutestlienext    What  iafeianua  ia  to  l» 

I  drawn  aa  to  tha  motion  of  tha  train  t 

Lei  .(miles)  be  tha  distaaoa  trarelled  by  tha  twin  in  I  (minates) 
from  tha  time  when  the  obserration  began.  As  time  passes  I  ohanaea 
•nd  »  Taries  «a<4  ^  or,  in  othar  words,  a  change  in  I  neosasitatM  a 
jchangeinsi 

Now  let  US  take  note  of  the  observed  facts.    When  «  changes  ftom 
IJ  to  3,  .  changes  from  1  to  2,  and,  as  y.  J,  the  change  in  .  is  pto. 
Iportionate  to  the  change  in  t;  next  when  t  changes  from  8  to  4J, 

•  changes  ftom  2  to  8,  and  as  '     I  the  change  in  •  is  proportionate  tJ 

jthe  change  in  I,  and  so  for  the  other  given  ralnes  oft  and  t  Ttthsa 
fappears  that  the  change  in  «  is  proportionate  to  the  change  in  1  and 
I  we  infer  that  the  train  is  moving  wiifbnnly. 


i  1 


AUMMMA 


WImii  !«•  VMkbk  qMBtMt*  M«  to  nIftlsd'tlMl  aaj  «hMft  la 
mm  ImfOm  m  ptaportfa— tt  aliMift  la  Um  oUmt*  Umi  «mIi  is  Mid 


Bm  t  vmIm  M I  (orl  TMtoi  M  «)b  aad  this  to  wrlMiil 

HfMimiitoiiA    AsMniMllsttosUovdltoiiaifrwl]rfrMB»M 
Mid  •!  tiM  tod  of  1  sssi,  S  sse.,  I  sse.  il  to  fomd  to  li»T«  Mlea  thrai 
1«1  It.,  Mi  fi,  1449  ft    Whst  BsoiM  to  bs  Um  iwbtioa  bstw< 
tho  tims  MSMvrad  from  tho  instMit  tlia  boltol  wm  kl  l»n  mmI 
dislMiM  fhnmifik  whkAk  it  Ims  fislton  in  tluU  tinot 

Lst  I  mmI  «  msMWS  ths  timo  and  dtotMies  in  qnsstioa.    It  to 
oaMptoin  that »  wliito  wwyiiy  wUh  i  doM  not  vary  m  <.    As  f  dun 

IkoM  1  to  S,  •  «hMy{M  from  16*1  to  64*4;  now,  nil"!"?  *°  ^ 

tho  dumgo  in  «  to  ftoporiintmi*  to  tho  duuigo  in  tho  S(|uuw  of  I. 
whsn  I  obMigM  from  9  to  9,  «  ohMigM  firam  94*4  to  144'9,  Mid, 

lzli.r«i?,  tho  ^umge  in  «  to  proportioonto  to  tho  diMigo  in 

sfMMW  of  t.    HsQoo,  from  tho  obsom^ions  giTon  wo  nra  tod  to  sapf 
that  §  tnriM  m  tho  sqiiM*  of  1    InTwrtigsUons  ^w  that  thto  to 
law  of  bodiM  falling  frooly.    Wo  mj  than  that  t  variM  as  ^,  and  i^ 

JOtutrmUon  S.  Tho  Tolnme  of  a  oertain  gM  vnder  pfossaro 
(poands  to  tho  sqoare  indi)  to  IM  (oaUo  leet) ;  nndor  prsssaro  SI 
▼olnme  to  foand  to  be  72,  and  nndw  prernvro  28  tho  Tolamo  to  fo 
to  bo  54.    In  what  way  do  the  Ttdome  and  the  premare  seem  U 

Let  p  and  v  denote   the  measona   of   the  prsssare  and 
nolane. 

When  j»  dianges  fimn  14  to  21,  V  cbanget  from  108  to  79;  now  14 

as  9:8,  and  108:79  ai  9:9  or  as  ^'.^  so  that  the  ohange  in 

vc^ams  to  |m^>ortionate  to  the  dtange  in  the  red{»oad  cr  ^  iav; 
of  the  prsssare.    The  same  to  fonnd  for  the  ohange  frmm  prsssan 


.1  'i 


rAUATifOI 


tSMllMtwlMBtlM 

|tjt|.    HwtvbnMlo 


M  ttSi4 


Md  I«t  Um  oorrMpooding 


P 

I      *•.?****     '^  fcUowfaf  Umotmi  U  Um  om  fndMMatal 

«» -V »» -"IW  th*  dnwHiril,  lb,  otW  lU  i«|.p«l«il  y,^^ 
J      ^M^ft*  •nd  if  m  U  mlUrnti  to  fMry,  th0H  a*  mim  mf  w  mm^ 

'  th«  wtto  .ry  wbU.  it  might  ool  U  pwBWUo  to  ««di  ol  tb.^ 
loftUqaMtitiMiMMaredfajtimn.  «  ■P^K  of  th«  f»tio 

|vriw>0ltfbe|fj,yyyyy^ 

Umi  siiuw  yae» 

I 

*I        «•        »4 

|»ft^ ti»t,  M «  «ui  therrfdr. y  ch«^ 

|^->A(«oon<taiit) 

I  it  WM  raqnired  to  pivTe. 
<tefWl^;  ^ya^xwrt  two  r^hltd  vanabU$ amd if,  m$ m m»d 


ALOMBRA 


Ibr  kt  «!,  fli^  be  any  two  rtivm  of  x,  Mid  yj,  y,  the  oorrMponc 
▼ftloM  0^  If.    Than  bj  the  oonditioii  given 


bydiTiskm 


yf-*«« 

1ft     *% 


Thtti,  any  dbange  in  tlie  value  (rf  «  requires  »  proportionate.  ohang« 
the  value  of  y,  •.«.,  yecx. 

Bk.  1.  The  velocity  of  a  partide  fulling  freely  from  rest  varies  as 
time  from  rest.  At  the  end  of  1^  seconds  the  velocity  is  observed  to  be 
feet  a  second.  Find  the  relation  giving  the  velocity  in  terms  <rf  the  time, 
the  velocity  at  the  end  of  8  seconds. 

I«t «  (feet  a  second)  be  the  velocity  at  the  end  of  lime  <  (seconds)  f 
rest    Then  by  the  gyren  condition 

«eet 

where  t  is  a  etmstant  whose  value  is  to  be  found. 
If<-l|,«is48-a 

le-ss-a: 

The  value  of  i;  having  been  found  we  may  write 

«-32-S<  • 

aa  the  relation  giving  « in  terms  of  <. 

If  i.8,  v-32ilx8>-64-4,  and  the  velocity  at  the  end  of  2  eecond 
64'4  feet  a  seoood. 

At.  f .  The  spaee  through  which  a  partiek  falls  freely  from  rest  is  kn 
to  vaiy  ss  the  square  of  the  time  from  reet.  In  1  second  a  partiel 
obeerved  to  fall  161  feet  Find  the  relation  ocmneoting  the  space  and 
time,  the  space  through  which  the  partide  would  fall  in  3  seconds,  and 
space  through  which  it  would  isll  in  the  third  second. 

Let  t  and  «  measure  tiie  time  in  seconds  and  the  space  in  feet  from  i 
Then 

where  i  is  a  oouAaut  whose  value  is  not  yet  known. 


VABIATJON 


|TlnitlMNklionooaiMetiiig«Midlia  ' 

■•.n^Jr**  •-";*  **'*"***'••  •«»  th.  q»oe  through  which  th«  pitftiel* 

i-..?!!?^*  "*  *  ■**°^  ''*•  P"**^*  '^  through  161x2«  or  64-4  feet. 
ITlMNfoNin  the  thixd  seoond  the  putkde  faUe  thxoogh  144«-64'4  or  80-6 
|feel> 

M.8.    TheTolmiieof«gMunderoh«igeofiireeeoreT»rieBinTenelyei 
Itbe  preerare.    The  Tolnme  of  a  oertun  quMititj  of  gee  under  prewora  16 
(pounds  on  the  iqunre  inoh)  i.  96  (ouUo  feet).    Find  the  volume  under  • 
~>  of  18. 


,_.  ^*'*"^J»™«^««'J>«^I'WMM»dthepreMurein  the  unite  indioeted. 

•ccl 

J» 

.-.  •-*.! 
p 

jwhere  k  ia  »  oonstant  whose  value  is  not  yet  known. 
If  jt-16,  e-SS. 

.'.     i-16x96 

.'.     9-16x96.1. 
P 

;  if  P-18,  «-16x96xX-80«id  the  volume  of  the  gas  under 
1 18  is  80  oubic  feet 

EXERCISES 

1.  The  area  of  a  circle  is  known  from  geometry  to  vary  as  the  square  of 
Ihe  radius.  The  area  of  a drole  of  radius  3J  is  found  to  measure 386.  Find 
pe  fonnuk  for  the  area  of  a  dxde. 

2.  The  surface  of  a  sphere  is  known  to  vary  as  the  square  ot  the  radius, 
sphere  of  radius  If  is  found  to  have  a  surface  area  of  88'6.    Find  the 

f ormnk  for  the  Mea  <rf  «»  surfaee  of  a  sphere. 


^  *• 'I* 7*^**^ •■«*^^*^ ••»>«•«»»»•  of  itowdlu^    MeUlmlmw 
ofmdtt^4,6M»Hidt«iMidoMHnto«ili,gl.«ph«r«.    PInd  it.  wdiuT^ 

4.  ^•«««»<»««oftlh>m«iouro««rf  light  TMieBlnvmriyMth*  10^ 
of  til.  di.Ui>«i.    At  wh^fc  dirtMio,  lh«  th.  «mi«  murt7«dl  il2^ 

W«r  b»  Id«)«i  to  reoeir.  8f  tima.  M  much  light  »•  wh«i  rt  •  dirtMoe  15  iMk 
fcomtlMMarMt    (Why •  mmU ibaet !)  ««w»Jow«t 

*v '^  ?*V?"^'^*'"**~*^»«*»*^»'«^«»«'*«»*^*  th«  .imT«ri««. 
tlM  rabe  of  it!  m«m  distuioe  from  th«  nm.    Th.  mean  distuuM  of  Venus 

■^  r!  "^J****«^*"*»*»*^  "***«>  o*"  5  «5  find  in  d«7.  the  time  of 
nvointion  qi  Yenos. 

6.  If  audyrvy  in  noh  a  imy  thet  their  prodoot  i*  oomtMit. th«i  « 
TarieainvotMlyMsorieTuieeinTeneljMy.  / 

s.  Probtomg  luTolTiiv  mon  than  T«ro  VuiablM.    Up  to 

^  point  only  two  variablee  have  appeared  in  any  problem.    In  the 
fcUowing  example  appear  thiye  variaUes : 

Bx.  From  geometry  it  ii  known  that  the  area  of  a  rectangle  depends 

.  ooly  on  its  base  and  its  altitude ;  it  is  known  also  that  the  area  yaries 

M  the  base  when  the  altitude  is  constant  and  as  the  altitude  when  the 

base  is  constant    It  is  required  to  study  the  variation  in  the  ai«a 

wbsn  both  the  base  and  the  altitude  vary. 


1 


Let  A,  6,  A  measure  the  area,  the  base  and  Uie  height  of  a  rectangle 
^^ns^^  4  change  to  an^  value  6'(-AE)  and  A  to  any  value 
*(- AOX  «nd  M  a  retuU  suppose  A  to  change  to  A'.  We  seek  a 
nAaiaaa  between  the  old  values  A,  6,  A,  and  the  new  values  A',  V,  A'. 


VARIATION 


47l 


Ilnt^  mipIMM  h  to  ohMige  to  (',  A  not  dungiiift  ao  that  the 
rectangto  ABCD  beooniM  the  reotengle  AEHD,  mm!  let  tiie  aim  U 
AEHD  be  Aj.  In  this  change  the  bate  hai  changed,  the  altitade  not 
changing,  and  therefore  bjr  what  is  giren  ' 


A     h 

Aj"5' 


(I). 


Next,  suppoee  h  to  change  to  h\  V  not  changin^^  so  that  the 
rectangle  AEHD  becomes  the  rectangle  ABCD.  In  this  change  the 
altitude  has  changed,  the  base  not  changing,  and  therefore  bj  what  is 


A' 


h 

A' 


(II). 


Therefore  from  (I)  and  (II),  bjr  multiplication. 


A 


or 


A^    h     h 
A       bh 


Thm,  if  b  and  A  both  change  in  any  way  the  change  in  the  predvet  bk 
is  jHPOfKNrtionate  to  the  change  in  A  and  therefore  A  varies  as  M,  or  tiie 
area  varies  as  tiie  product  of  (the  measures  (tf)  the  base  and  the  altitude. 

The  preceding  is  a  simple  illustration  of  the  folkming  theocem,  the 
proof  ol  which  may  now  be  briefly  stated. 

ThMHrenu  ^x  is  varieMe  depending  foriUwilut  on  the  Hoo  vatri- 
alia  y  and  s,  toAicA  ore  independmt  of  each  other,  and  if  teeey  «oA«n  » 
i$  conrtant,  and xccz  tekenyie  eonetant,  then  xccyn  when y  and »  both 
eery. 

I«t  y  change  to  any  value  y'  and  s  to  any  value  if  and  as  a  resolt 
suiqpose  X  to  change  to  af.  First  suppose  y  to  change  to  V>  *  i>o^ 
chaogii^,  which  is  possible  since  y  and  s  are  independent,  and  suppose 
that  OS  a  reniU  x  changes  to  a^. 

Then,  (a;,  y,  s),  (fc^,  y',  x),  (a!*,  y',  /)  are  three  sets  of  eorresponding 
valms  <rf  tin  VMiaUes. 


nil 


ALOMBRA 


^P--«f  fr«  th.  irrt  to  tl«  .««rf.y  eh^ 
^^^J^pMdng  from  the  ieoond  to  the  tUni,  »  Omngm,  y  raMiniBf 

Thonfroiii(I)Md(n),l»ymultipUcatioii,    *  ^ 

ThuBthechMgeinxkproportioniato  the  change  in  the  prodnot 

When  X  variee  as  the  prodoet  of  two  or  more  variable  qoantitiee  it 
ia  said  to  raiyjoiiitly  as  those  quantities. 

Further  complexities  in  rariation  wiU  be  developed  in  the  ezerdses 
Md  examples  which  foUow.  ^^ 

bssfllll^lT*!'  r"**^«  ^  known  from  g««n.fay  to  v«yMth. 
ftsse  when  tte  altitade  is  oonsttai  «td  ss  the  altitude  when  the  bass  is 

•oi-tant    Th«  •«•  of  a  squsie  d  side  1  being  the  unit  of  area  and  the 
nmmdafortheareaofareoUngle.  «»«  »• 

Let  A  6  A  »««„«  the  «»k.  the  bMe  and  the  altitude  of  th.«,c^ 

/.  A-*.6fc, 
where  X;  is  a  constant,  ie.,  the  same  for  aU  rectanglea 
If  6-1  and  A«l,  then  A-1 

.-.  1-ft.lxl 
A  t-l 
•*•  A^ob^ 
the  forainla  reqi^red. 


tiMflone.    Tbta 
•ko 


V^MTATION  ^ 

the  Tolunw,  th.  •WtiMb  Md  th.  i«dim  of  th.  bM*  of 
««r*  wlMn  Jk  ii  oooatant 
««4  when  r*  (or  r)  k  oooitaBt 

^*«»  *  i»  oooatant  -^ 

If  r->l  uhI  A>1,  we  «•  giy«n  that  «•{{ 

ft-ff 

tiw  foraiala  nqoind. 

*^  A  Tl-J^-m.  of.  g^  dop«d.  upon  th.  tampwtnw  ud  th. 

«rhd«<p«rt,iy  of  g,,  rt  ,^ 

LjU^p  «««,«•  th.  irolume  of  th.  gM^ 


thepreMon.    Th«i 


alao 


*"c  -,  whui  t  u  oonstant : 

•«*,  wh«»  i  (or  p)  is  oonstant 
P 

P 

:.  •-*.! 
P 


wh«.  *  k  ooortwrt  far  th.  q»MU%  of  fM  in  quartioii. 


•0  ALOMBfU 

If  i-m  wd  ji-lA  il  to  glvw  thsl  vTH 


Thtwfow  if  i>S0O  Mid  p^W, 


-4.1. 


TIm  ToloaM  nqioiNd  b  Umb  40  enUe  faei 

In  all  probl«nM  like  the  preceding,  in  whidi  the  value  of  the 
oonstant  is  found,  it  is  to  be  m^ed  that,  when  magnitudes  of  different 
kinds  i^ipear,  the  valoe  found  dqwnds  upon  the  ehoioe  of  tiie  vnitif  of 


1.  The  Tolniiie<rf  a  pjxamid  is  shewn  in  weeks  OB  geometry  to  vafy  as  (the 
area  of)  the  base  when  the  altitode  is  omurtant,  and  as  the  altitude  when  the 
bass  is  oonatant  A  eertain  pgrtamid  whose  bass  and  altitode  msasore  18 
and  5  is  found  to  hsTe  30  as  the  measoie  vi  its  Tolome.  Find  the  formula 
for  the  Tdume  of  a  pjiamid  in  terms  of  its  bass  and  altitude. 

2.  If  «^  ?^rmeasarstheT«>!nme,tliesltitndeandtiieiadinsof  thebaeeof 
a  ejdindw,  it  is  known  that  ««e^  if  r  is  ooostant,  and  ««ef'  ithi»  oonstant 
For  a  eylinder  in  which  r»2  and  h^fi  it  is  found  that  «-<n'8S20L  Find 
the  formula  for  the  volume  of  a  ojlindsr,  and  also  the  volume  of  a  egdinder 
for  whieh  r«S,  h^7. 

8.  The  wsii^t  of  a  ooin  ot  gaid  alloj  varies  as  the  squsre  of  its  diameter, 
and  aa  its  thickness.  When  the  tUeknsss  is  O'lem.  and  the  diameter  is 
Som.,  the  weight  is  O'Olg ;  iind  the  weight  of  a  obin  <A  the  same  alloj  of 
thtdmess  O'Sem.  and  diameter  Som. 

.  4  Given  that  y  is  equal  to  the  som  of  two  quantitiea  of  which  one  is 
constant  and  the  other  varies  as  x^  and  that  y*l  when  as**!,  while  y~  - 1 
when  ««2,  find 

(1)  y  whenoOii; 
(8)  {BwhenyaQ. 

6.  If  see-  when  s  is  ctmstant,  and  »cb  -when  y  is  constant,  where  y  and  z 
y  s 

are  indq[iendont,  UMn  what  y  and  s  both  vaiy  see  _ . 


rUUATlON 


BZAMPLBS  , 

s^T^r*^,*;*  ^^^  (^through  WtSr;::^ 

the  irf«  «»d  invw^Iy  „  the  .qaaw  of  the  r«ila.  ol  L  cwL  iSS^ 
^^  theee  feet,  obtain  the  g««r.l  fermHU  for  the  rolo»e  ol  • 

pJ J^ll «  r  ^"^t  r^I  *"  *^.  """- ^^  *^  *»»'^  *»*»• 

pnaens  tmumm  »,  y,  *    If  it  i,  k^owa  that  <c««  when  y  nnd  e  mm 

«cl  y  «•  ooo.t«t,  d„,w  thet  «cc«^  when  «v  y  «d  ,  T«y. 
^«t»te  by  «fo«K»  to  the  voln»e  of  .  «ct«.gdi»r  p«.lWo. 

«.  »y««Aewth«t««+yt«ayMdoonitnict«iffl«tmtJon. 
wlJl'  "  "k'^'' ~  y  "*^  ^'^^J^  ••  the  eqiure  root  of  ^  and  ML 

•Jth^Jir^"*^  *^'  T  ^^  ^''^  qiutntitie^  of  which  one  U  ooDst^it 

r  28    K        T1  f  ***•  "^°"«  <rf  *.  and  if  y .  4  when  »!T^ 
|r-28whenaf-5,findywhen«-3.  "««    i,«a 

v«it « rL!?t*/  "Tr" ,"  *^  """  ^'  *^«  ^»^""'  o''^  <»«  which 
▼•nee  w  «  and  the  other  inversely  ma  a:  and  that  v-  Ifl  wh*.  -    • 

««itbaty-llwh«nx-2,findywhen«"  ^  ^'"^ 


\ 


II  .     AlOMBMA 

t.  Uffiffmh  tlM  nuB  ol  tluM  qoMtitka  of  which  om  fa 
«M  variM  M  m,  Md  the  olhar  invenelj  m  «b  •»>  tf  (r  "■  *• 
^"lk«-l)>(y-l^»"»l)M«thrMMfa  of  oomqpoadiaf^iliiM, 
pmbttarn'mi. 


X 


1-. 


10.  Whm  »  wti|^l  fa  hvBg  hy  aa  ofaMClo  stitei^  tbt 
(•.«.»  tho  MMwal  tho  itrikig  fa  ilnftdiod)  Tuios  m  the  w«i|^  and  m 
ttMVMtratehwlfangthof  theilriBf.  If  •  wdght  of  I'lkg.  •tvateheo 
•  01*1111  Im.  long  to  »  feogth  Mn.,  to  whal  fa^gth  will  «  wtighl  of 
i-ftg.  ■tnlofa  »  •triag  of  tl.a  mbo  kind  of  Inigth  l'5m.t 


11.  Whoa  •  woight  fa  hang  bj  m&  okiUo  itriiig  of  giton  m«(iriol, 
tho  oztoDokm  Twiao  m  the  w«i|^t,  ee  the  wutratohed  fangth  of  the 
itringy  end  inTonelj  ••  the  aqiuure  of  the  diameter  of  the  striag.  U '  a 
weight  of  8  lb.  etretchee  a  iteing  S*5  ft.  hiog  and  of  ^  in.  diaaMlor  to 
a  length  S'7  ft,  to  what  Vmgth  will  a  wei|^t  of  10  lb.  stretoh  a  etriag 
of  the  Hune  material  S*S5  ft.  kog  and  of  |  in.  diameter! 


IS.  If  «^-t>y*«efly  diew  that  ««y,  and  ii;  when  a>-t-y*-Sft  H  fa 

known  that  fly « 19,  find  the  relatioa  betwoMk «  and  y^ 

18.  If  y  Tariee  invendj  aa  fl^and  if  whoi  yxS  it  fa  known  thai 
•■i  1,  eoBstroet  -  gn^  to  exhibit  rdated  Talnee  oi  m  and  y. 


CHAPTER  17 


A  MqnanM  ol  nnmbwri  m 


or 


or 


J.«,    »»    4.    », 

S»  7,  n,  15,  19, 

^  6,  IS,  S4.  48^, 

11111 
!»•  §»'  S'  !••  «.•• 


in  whkdi  tho  raooeiBiyo  nombwa 
«U6d*itfiti. 

Ai »  mle^  tiie  nomben 


V  tonmd  aooonliiig  to  •onw  Uw,  is 

iMfl^i..  k.  ♦!-  -«  "  f**  '^  ^  ooonwjted.  «Mh  to  the 

pwowang  by  the  algn+or-;  Md  the  ilidiTidiu]  aumben  with  thdr 
ngw  win  be  OBlM  tcnng  of  the  ieriM. 


ABITHMRICAL   SmU 
!•  Prthritlon.    It  ia  readily  aeen  that 

2+5+8  +  11+ 

"j  J.  ""^  "^  **™  ^"*  '**™*'  ''^  *^  pwoeding  term  br  the 
additioiiolS.  ThiM,ooiiaecativetennadiftrbytheaaineinunbi,or 
m  rtber  worda,  the  difference  between  oonaeontive  terma  ia  oonstlnt 
8aoh»eerieaiaoaHed  an  arithmeticil  uriM,  or  an  aritbattiAal 
prognmAmt  which  may,  therefore,  be  defined  as  follows: 


AU 


AIMMUU 

to  b*  ineliMiwI  la  ilw 


••»>(«-l>rf)-»-(«'l>M)4-(«4-Sri)4- 

Bm  •  b  «dkd  tiM  inl  ttm  MMl  il  <tlw  dilbram  UtwMtt 
Hv*  Iotm)  th*  OOMMM  diftrWM. 

Anj  tma  of  ft  givm  MhlimtIM  pragTMikm  may  U  foai^ 
MMlnMlimAUprMdiiif  tMM.    Thu,  la  tbo  mtIm 

S-fS-fS-fll^- 

ia  wbkh  S  is  tiM  im  tMrm  and  8  tU  oommoB  diflbrwMM^  it  i*  NMifly 
MM  «ba*  iim^^Mk  tona»  bdag />H^«iw  tanas  ia  adnmoo  of  Um 

•nt»  is  t  •»•  8  X  4»  or  149,  iiaoa  Mflh  MlTMMt  inpUM  Um  addition  of  8. 
8ok  toOk  ths  Nth  term  of  this  ssriss  (a,  a  podtiva  iatsgor),  bdag  »-l 

* lia•dvaaotofth•flnttMrn^isS•|.(«-l)8or8«•.l.    Tho  ath 

is  MoaUy  spoken  of  •»  tha  gHMnl  tmn,  since  from  it  aay  torn 
ba  foand  by  giriag  to  a  a  soitablo  Tdosb    Thus,  here^theath  term 

Miaf  8n-l,  the  6th  term,for«uunplek  is  8x0-1  or  14.    In  like 
■MUST  wa  have  for  the  general  series 

n  risalt  whioh  shoaki  be  lemsmbend. 

Mm.  1.  Tlie6dit«nBofeasiithnMtiaaprogrMrionial9Midthel3tklena 
is  48 ;  And  the  progTMrion  sad  the  aOkli  tefm. 

Let  a,  d  deaote  the  Ant  tana  end  the  eommon  diir««uje 
.'.  Hie  6th  temi-a+4d 
a+4d-il9. 
ShiiiMj*  hy  eoortruotinc  the  ISth  term  we  have 

o+lSd-4aL 
.'.  solving,  a«7,  d-iS. 

7+10+lS-|>16+19-i- 

end  the  80th  tern -7+S  X  29  or  M. 

Mx.  9,  Hie  ath  term  of  a  seriee  k  3n+6 ;  ihew  thet  the  Miies  is  sa 
arMmetioel  progreesion. 

Here  a  is  any  nnmber  and  we  migr  mj  tint  the  let  term  i«Sxt-f6wi^ 
the  tad  term  iiSx3+6orll,  theSrd  term  is  3  x  8 + 8  or  14,  the  4th  tem 
is  8x4+6  or  17,  ete.    It  appjmn  then  that  the  eeriee  is  an  arithmetiml 


Thos  the  series  is 


! 


I  • 


k9, 

■Mr  tmrnm  Ml  MMlnHM  ths'lHr 


.-.  •h.(i.-l)iki«|-t(,.t)^..  ^^ 


k***^  tb«  mil  Md  tiM  (f»-l)ih  l«a  ii  aqMa  to 

(*i+i)-a(ii-i)-»«ta, 

of  llMMriMkI,    M  UmI  IIM  MriM  b  Ml 


•Mry  two  ooMMatir* 


t  »l«lth.47tli«dth.»Uitomollh«loIlawiog.«|«, 

(1)  l-fS-t-S-l-r-t- 

(!)  7-(-184>19+S5+ 

(S)  f9-|>96-i>ai.cl7+ 

(4)  M-fU-t-eS-l-SS-l- 

Mri«s,iti3MlMm.  and  iteflnkiM^v*  tons.  •  i  -no  hi* 

wlul.  th.  prodort  of  th.  «»»  luui  th,  thW  wMtrf,  6  tlmJth^^ 
qwDtify  •qua  to  tU  int  ——~- •»"■«■  wi»  ■•pond  by  » 

4.  HbiriaaiijmiililplMoll3M.tIi«,b.tir«MiaOOMid700t 

B.  «»•»«»•*  til.  .«i,.fon»«|  by  tOingevwy  fifth  torn  of  tli«A.P. 

1+S+6+7+ 

u  abo  Ml  A.P. 

e.  ffl».wtluttl.«.«i..  formed  lqrtokmg,v.,7..v«ith  tana  <rffcl^A.P. 

•     .  ^         •+(«+«')+(a+aO+(a+M)+ 

u  «1m>  Ml  A.P. 


t 


tU  to  tt*  IM  iff  ••  A.P.  llMM  W  aiiti  Ikt 

■MBfMiliiiMA.P. 

a  IfwAt— flff  —  A,3r.W— HipMrtlytiitMB 
li«iA.F. 


x-^- 


t.  WHlt4Mni«i^MnMktMiaA.P.Mrf         

M  mA  MM  IMl  to  tiM  MM  M  Ihll  off  IM  lii  Md  Ik* 


!•.  Write 40VB  «v  U  WMbm  la  A.P.  Mi  ikMr  Mm* MM -^_ 

Ik*  IM  m4  lh«  lUk  b  aqMJ  to  MmI  off  Mm  Ikid  Mid  Mm  lOMs  «rto  MMI  «ff 
to*MMilk*tMW«to.,  MidMMIMy*  AVMug*  ii  aqMl  to  Mm  mkUb 

IL  Tk*  Inl  off  ly  iMM*  off  Ml  AJ.  ii  »  Mrf  MM  iMlii  HI  i  iad  MM 


UL  TkofiMi 


off  *  Mifai  1.  «»4-»  wkntoMT  bo  MM  vriw  off  » t  ikov 
i*attl.P.       • 


Mm 
MM  «C  tht  olkor  two 


Whoa  ikroo  sMibin  m«  ia  mMi- 
MUBbor  li  ooUod  Ik*  ailthaMtiMd 
Wo  Mfty  Mna  h»To  Mm  problom : 


Ul«aad«lMtkogif«aBiiabon,  mi  lol  «  bo  tko  Moan  oowkl 
ThanbgrthoJiiBiikM  ^^ 

aw  in  orithMoMcal  prntrooriou,  pad  thoiitoo 

iK-a-l-ft 
.         .    •+» 


iOthat<iWflrtr*aMifarf 


4^  <wo  fMoa  iMMifttrv  M  «fiMf  to  mm4ii^ 


faHtei 


ilwogi 


PVBlilMl  of  iMlHil§  «|y 


Bm$.  Iter  IMMMW 

Tkiii,  «k» imtam bdag Ik llw afartk 

•-  a 


■pf 

la 


off 


TIm  gMMml  pn>bl«n  is : 


•i-l-S 


f^'lWMiou.    LsivUlh* 


•o^t.  Mid  ft  Buk«  apM-fSlMMiaaritli- 


dURnwiM  in  this 


T^tUAmUnkhtintm,^  (i«  +  2)nd  tm 
kiellBMMlUMMlt0ft,iA.  #-»•«■ 


•  •f  (n-t- !)•  wUdi  Buul  U  aqMl  to  ^ 


ft_  a. 


lltWtlWBMMM 


mn 


•  + 


•+9 


i~m 


•  ,m+(n'l) 


•+ 


.»-. 


or»  ia  lia^ilmr  fbrm, 


w  +  *  (n-lVi4-aft 


i»+l 


»+l 


8«^-fa-l)t  a-|.ia 


^•►l 


»  + 


SbM  M  hM  not  any  aMignod  ralae, 


Zrn^Z^  ^J.-^SrJr"''  ^'  "  ""^  ^^^^  to  write  down  all 
a»  maaa%  but.  tha  law  of  lormaUon  of  soeoMdve  mean»  b^aff  k  J»!^ 
waoaarMa(daUtlMiBiii^..i! i  nwww  ottaf  known, 


>*^|Md  all  Um  rneam  ai  fonnd. 


W 


4i 


V 


'  ALOMBJU 

milCltBS 

«.  I«-«t6«ritIim«tfaam«M«b.tw,«17Md  -7. 
8.  When  »  writluMtiokl 


•»  to««t«|  bHir««i «  Md  4  iia  th«  rtfc 

<«*a«ritluiirtioal.eri«n»jrb.  found  witlioat«otoii«iditioo. 

*^  Fl«»d  th,  ««  of  9  •«».  of  th,  «lth«rtioiJ  pwgr^doo. 

13+17+81+ 

L«t  •  denote  «h«  Mim  Maght    Than 

.-18+17+81+:-    29+88+87+41+46 
•.  •-«+4l+37+8S+89+86+81+17+ia, 

S«ZiS;!a;s«""  *"  "^  •*-• -^  *«■"•««*.  ~ 

8.-M+88+68+88+68+88+88+M+68 

*«J«-4  .t  Mdi  MlT.110.  While  in  th,  loww  Hn.  tltotenaTl-!!!^ 

towriUrilthetwnuiofthopropoMdiMldition.  ""•»*«* 

The  geneml  problem  it  the  following  : 

•+(a+rf)+(a+ad)+ 

Let  /  denote  the  iMt  of  the  t«tn.  «»dd.«,,  U,  the  «tb  term 
.-.    l-a +(f»-l)i 


aMRIMS  '^ 

IM  « iknote  Um  ■am  MMigfai : 

.-.    •-•+(«+d)  +  (a+3<0+ +(l-3rf)+(l-<l)+l. 

•••     •-5<«+0         (/i) 

RirUier.  putMng  for  /  it.  vmlue  in  term,  of  fl,  d;  n,  we  h«va 

The  following  eumpk.  may  be  examined : 
■Ai.  i.  How  mu7  tenn.  of  the  MtiM 

»+»+4«+ 

.  aoit  be  Idcra  to  jidd  the  ram  836 1 
--J**^iL^*"T^'*»"*~*-    Th«».  the  flwt  term  bdn.«lMidth. 

.'.  »(7n  +  14)->SS6 
.'•  ii'+9i»-48«    0 

SrLt'.::;^^^^  ""-•  b. .  po.*!^  i.^.^  ^^ 

S^^^l!S[^'*'^**^*«»'  *•  »rif  downStenn.  in  Z^^ 
orUr  of  the  .«fi«,  the  ram  of  these  8  terns  I.  336.    ThilTL  r  T^ZZ! 
irt«»rfttemirtifefoot -8^bat.nindi«rtionofeelo.d, 
fa  wUA  the  BUBbar  4-8  i.  s^niiieut.  ^^    •«  t  i  -«« 


.  t 


••  ALOMBJU 

•  Itaw  tlirt  of  tl»  » twM  bigiaiiliig  with  th.  (8ii+l)tfi  kirm.^^^ 
.^    I^a,rfb«4li«iirt»Mm«ndth««omoioodMbr«»o«o«th««itJM. 

.-.  «n  of  §•*«,-«•  |^^.(j^_lj^ J  ^y^       ^ 

Abo  the  (9ii+l)th  tem-a+SMl 

:.  «nofi»t«ni»lMgiiiiiiiigwiihtlM(8ii-i-l)ili 

BZmtCISBS 

L  Sum  to 68  terns,  aftn«th«  mumer  of  ih«  Mn».i  *k 
qootiiv  th.  fomuU),  •lu.h  of  th.  ISZgJZr^  ^^  ^^•-  "^ 

(I)     »-f  11  +  17  +  23  + 

W     »+    »|+  10|+  11J+ 

(8)  U7  +112  +107  +108  +. 
W     7*+    7i+    7  +    «!+...'.'.* 
(5)      2  ,a  +  t,a  +  2t, 

1.  Sum  to  %  t«niii»  aftw  the  nuuuMr  of  th*  oi»».i  »i.  .     - 

(I)    9  +18  +17+21  + 

(2)28  +18  +18+  8  + 

(?)    «*+  8|+  6+  (Jt+ 

In -eh  OM.  «,rf  the  mult  Iqr  Mrigning  to  n  th.  Tidoo  4 
8.  fflMwthat 

(1)  1+2+8+4+6 to  » ti««— *(»-H)  . 

(2)1+8+8+7+    ton  tern.-*./ 


4  b  «•  iMMnl  AJ».  of  II  inaM, 

••»-(«+rf)+(a+tiO+ +(«+n4) 

ti- «.d  k  •,«!  to  ti..  ««  of  th.  tot  «rf  UhhKST^ 
•»«p  of  the  torn,  and  a^if.  th«  formok  for  th.  Mam7n 

&  Hov  BMiqr  tonos  <tf  tho  mvjm 

44+88+88+ 

miMk  bo  tekM  to  jioM  tbo  ram  198 1 

C'Mnmmt  on  dio  two  rwultik  ^ 

&  How  auuqr  tonaa  of  tho  aoiM 

>l+17+18+9+ 

»Mt  bo  tdM  to  jiaU  tho  ram  88 1 
Ooaunent  on  tbo  fnotioMd  nralt. 

7.  How  amaj  Unm  of  tbo  MriM 

»+17+14+ 

BUMt  bo  tdcan  to  yiokl  tbo  ram  78  f 
C'MUMBt  un  tbo  fiMtiond  root 

8.  Rov  many  torms  of  tbe  Mriao 

18+88+88+ 

moit  bo  takan  to  yiaU  tbo  aom  810f 
Oonuamt  on  tba  nqgatiTo  root. 

9.  Hoar  many  torma  <^  the  aariaa 

8+86+48+ 

moat  ba  takon  to  Tiald  Iho  nun  1430  r 
Onnniaul  on  tbo  nagativo  faaotional  toot 

«88"J?ir^"?r  *^"  ^•^-  ^  138  •»«»  tbaram  of  19 
w ,  ind  tba  aariaa  and  tbo  aum  of  98  term^ 


ktbo 
of 


A.P., 


ia  A.P.fe«,wato 


M  ALOBMU 

U.  Sh«w  iktk  tlM  Mm  of  an  edd  naaib«r  of 
the  (iradMk  of  Um  middle  Urm  by  thonuitibor  oft 

IS.  llBdthaMiiiiofanmaltiplMoftSlMtWMiilOOMdTOOi 

14.  Tho  nm  <rf  n  t^  of  •  Mrtein  mdm  k  Tn'+Ui.,  whuterM^  W  iIm 
falMofii:fiiidtlMrthtwm«idalMwtluttlMMtiMkaiiA.P. 

la.  Thwolntogwmln  A.>. ;  thdrsnm  is  M  and  tho  prodnol  of  tho 
tott«nd«iolMii.»k»tlM«thoiqM»oftho«iddloniimUr.    find  tho 

-  W.  In  •  owtafa  A.P.  thoilMtt«rmi«»  Mid  IholMi  term  M7:Uio  ilia 
oftli.t«iii.i«96S.    Findth.aMi««nd4honumbtrof4wiM. 

17.  OonsteaoiMi  A.P.  mioh  that  tiie  ram  <^  7  tomu  is  oqaU  to  tlw  mdu 
of  11  tonus,  tbo  oommon  diAumioo  l>«<i«g  f. 

18.  If  thoj^lmth,  fthtormsof  »n  A.P.»ea,^flrosp«)tfT^,sIiMr  timt 

(«-r)a+(r-y)&+(p-j)«f-0. 
« t*^^  k«*T7  pMtiolo,«Uof«l  to  fen  fiMlyfrom  •  hoiglit,  fUb  tlmN«h 
U*i,         "*^  *•*•  **^  ■•**^  •"*  ^  •«oo««i»o  seooDds  Mis  tluoasli 
W-Sfost  mow  thM  daring  thspwoeding  second.    How  farwffl  ilfalBfa 

■  SSOQOdsf 


n 

GIOMITBIOAL  SERDBB 

1*  OtinHion.    It  is  nadily  seen  tlmfc 

2  +  6  +  18+64+ 

is* series,  aMdi  tern  being fonned  from  the  preoeding  by  aoltfailyiai 
it  by  8.     Thus  oonseonfcive  terms  stand  to  eaoh  other  in  •  wiukmt 

ratia    Sndi  a  series  is  called  »gtOttOtriciai«ri«^  or  ngeomrtrlo*^ 
progrwnoil,  which  may  thtoefbre  be  defined  as  Mlows: 

A  gtometriaa  pngna$ion  it  m  teriti  in  lehieh  each  term  it  made 
from  tke  preceding  by  muliiptieatim  by  the  eam  number. 

All  geometrical  series  are  seen  to  be  insloded  in  the  genend  pro- 
gression 

•  •^eKr-^-m^-^eHr*-^' 

5»8a  is  oaBed  tiie  Itm  term  and  r  (the  ratio  of  aay  term  to  the 
pteoeding  tsrm)  the  oOBttM  ntio. 


fcJrr^rtLli?  «*"**''^  pwg««km  my  be  f«uid  witbovt 
«w»ing  M  praoeding  (««•.    Thu.  in  the  Mriee  '"«"» 


S-t-S-flS-fM-f 


n^i^^tTl^l'^? '"'^y-"^  **»-.  <•-•»  will  be  8.S^. 
■™»  tMn  MtTMioe  impliee  the  introdaotioa  of  the  Ikotor  S     80.  *«J 

forth tera^»br2.*^'Br   in*^^^*  ****  ''•'"•  *'  ^'  *«»  *»« 

^jn««ermtobea.aior64.    Inlike  nuuuier  we  heve  fcr  the  gweml 


•  renilt  whioh  should  be  remembered. 


Let  a,  r  denote  the  llrrt  term  end  the  common  rrtia 

Hie  6th  term^ar* 
•••     or*- 161 


SimiMjr,  oonetnioting  the  8(h  term,  we  here 


Ihoelore,  bj  ^Tiiion 


ar*-4S74. 


r-3 


if  *•  wgMd  onlj  the  arithmeUoU  cube  root,  or   in  otW  -«,J.    m 
«»»«der  onlj  ml  numberaw  ^^  ^^*^  ^  *• 


Tbe  piogrMMon  is  thm 
«ud  the  10th  term»8.9 


168 


8+6+18+64+168+ 


**  dMMBRA 

Ai^.  Tb«  iMh  torn  of  •  MriM  k  6J»{  Omr  Auk  Mm  Mriw  b  • 

Wbatmr  U  tiM  vdM  of  m 

.-.    Tho  (»  -  l)t]i  t«nB-B.8*->. 
TiMMfbn  tho  nlio  of  IIm  nth  to  tho  (»  -  l)lh  t«m  ii 

Howiiii  «mylatot«.  ■©  thai  the  f»tio  of  oiif  wd  thmfon  of  mry  two 

OOOMOmhro  taVBH  b  ^  Uld  tiM  MriM  k  A  gMUOtriod  IHOgNHiOB. 

Ing.»  pafc  »-l  aad  wo  And  that  tiM  Jlrd  torn  k  Uk    Tho  atik*  k 
nwfora 

^BZBRCISIS 

(Howt  In  tho  onNkM,  O.P.  will  bo  onpkjod  aa  oa  obbmktkB  lor 
linmitrliwl  lamnMlwi.) 

1.  Find  tho  9th  Md  tho  nth  torn  of  oMh  of  tho  foUowinf  Mrka : 

(1)  1-I-6+S5-I- 

(«)r+14+»+ 

(8)1+1+1+ 

Wi+5+i+ 

Wl-J+J- 

In  6Mh  cue  oftor  Hiidiqg  tho  nth  tcm  toot  tho  molt  hy  iiidii«  from  it  tho 
flnt  foor  tonoo. 

2.  Thollthtormof  aap.  k^Midth«6thtoniik80;iliidthoMtka, 
•nd  writo  down  ito  17th  tana. 

S.  find  throo  nnmbon  in  O.P.  aoeh  that  tho  thkd  ozoooda  tho  ana  of 
Iho  othor  two  Iqr  tho  lint  whilo  tho  third  ozoooda  tho  iint  bf  8& 

4.  Show  that  tho  aatkafonaodl^taUngorotj  third  torm  of  tho  O.P. 


MMMtMS  ^ 

•ka*  tk«  MtiM  ftOTMd  by  tiddng  amy  M  l«m  «C  tiM  O.P. 
ii.l»»O.P.  •+-r+^+ ^ 

moitnteUiiatlMONiB. 

i^  ^ T* '•'! ■•^ ■■  •**  •^'«^  <>«  »fc<»  «»d Mid  64h.  orTth.  Jd 
«w  wia  wo,  or  Mia  of  »•  »id  MMl  6»h,  and  to  .qud  to  lb.  iqipi,  d  th.  4ifc. 


aa»»,  whatom  bf  tbo  viOm  of  »; 


ft  Thoimof  17 
BiiddlotonB. 

la  11m  Nib  twm  of  • 
tbrttlMMriMtoaaP. 

^J^JjWMWoril^  thw,  m.mb««.  in  |««rtri«l 

otWtiro.    W«l»T»th«itIiaproW«Bi:         •'~™-*«" ««  «  »• 

«»/»Mr  rt.  pwiiirtriflrf  m*m  (/#«»  ,»>m  fNM«6.r». 

1^  •  Md  ft  b.  the  given  numh«.  and  let .  b.  the  ««n  Miiilii 
^n»«n«,«S*«reingeometriflnlpwgNirion«ndh7drfnition      ^^ 

.*.  ««-«6 

^.  «J«  g^omelncal  mean  qf  two  number,  i»  equat  to  Ike  mume 
not  Iff  thtw  proehtet.  •»— ^w 

-J^i^-MPPOMd  that  we  are  deding  with  rM/numberi  the  two 
number,  whoee  n««  to  ««ght  «*  wppoeed  to  be  of  the  JTeST 
'^^,^!;^'^:^^^^^^^y^^^  the  d^ 
••  to  pkoe  the  moMi  between  the  given  niunber.. 

It  to  to  be  noted  that,  if  three  or  more  nmnbew  are  in  geoaetrfeal 
Wtndoj  the  niiiDber.  are  in  coDtinned  proportion.  «>d  that  the 
^wjrtricnl  mean  of  two  number,  to  the  mean  pieportiooal  of  tboee 


Th*  (« + S)iid  torm  -  a»**-> 


fO+l. 


ft 


and  th«  n  idmuu  nwy  be  oonitenotMi. 


-ar 


BZBRCISES 

t  IiMMft  3  g«oBMferi«a  iBMni  hciftwMn  7  and  M7. 

S.  InMrt  6  gwHmtrioa  BMMM  bfllwaen  6  and  668840. 

&  BafeWMn  4  and  186884  a  oartain  number  of  gaamatekal  maaiw  bave 
ba«iiiiaartaditba9rdia664aiidtiM6tbiaS1101    Find  tba  BMaaa. 

4.  Wbatorar  odd  nonbar  of  gaonakrieal  uMana  ba  iaaartad  baMrMn 
a  and  ft,  Aaiw  tbat  tba  niddla  tnaaa  ia  tba  gaamatikal  mau  of  a  wd  ft. 


f! 


MManm 

of  » iWii»«lrfc»I  itrki  owy  U  fottiid  wilhPrt  aotoiU  addlllga 

akFladllMMnofttMMoftlMNrfa.  f 

T+fl+68+ 

lM«d«MitotlMMmM>agbl;  «»«,ri»»tli«««MMiiirtlokiM« totals 
«-7-l>tl  •i.eS-flM-l.Bfr-h  1701 +6108-1.  U8Q91 
•••    *-      >l-t'O8+180+M7-»-17Ol-)-ftl08-flU0O+48M7. 


8>-4S9f7- 7-48010 


OoiMiikr  BOW  the  general  problem : 

m+mr+ar*+ 

Here  the  oommeo  ratio  kr.eothet  the  wth  term  lee,--*    Let.iL-a*. 
tlie«»i«»ghk   TI,«^l»Tiagia«|«ith,ter».»otw;itte».we\SI 

#-«+«r+rtr*+ +•»*-•+«»— t+a,*-! 

Then  bj  rabtraotioa  we  have 

:.     j(l-r)-«(l-,*) 

<Hr,  whidi  is  the  Mune  thing, 


(/i) 


ajj.  «alt.  dionld  be  carried  in  memoij.     A.  .tated,  the,  » 

«|ohFalent,bnt  it  i.  more  natoral  to  employ  the  lonB«whMr<:l  tk. 
wttwwheBr>l.  '^•i*^ 


Cmr.  rki«itll»Nnlltla(II)wtlada» 


-r      r-1 


•  l-l>r-«>r«<f +!••» 


wUA  My  W  f«fMiM  M  dfcfdiaf  ft  praof  of  tlM  thMnm  tlMl  1 .  f«, 
fpr  an  iatagnU  TirioM  ol  N.  !•  dirkibl*  bj  1 .  r,  th*  ^aotimil  baiaf 


(4A»aU 


oftlM 


qaoMag  Um  NMdiX  tMll  «f  Um  MknHiV  Mtiw : 
a>  t-l.lO-I.M-1- 

Wl+J-l-g+ 

(8)1-|+J-|.+.... 

(8)  •+i^+«P^.«»+ 

t.  iMitoiitatMbaflavtiMnMHMrofilMgMMi 
idOowiagMriM: 

(1)  S-l-it4-«-l> 

(i)e+s+n+ 

WJ-J+J- 

In  Meh  OM*  «Ml  tiM  tMidt  bj  •Hif;Biiig  to  » th*  TdM  4 

&  Sam  to  » tMu, 

«i^«+a(^V+«"V+ 

•nd  poink  oat  tlM  ifgoifloMM*  of  Um  Molt 

4.  Ib  tho  gwanl  Q.P.  of  » t«nM 

tk-^vr-^m^-^- +ai^» 

thrt  tlM  pNdaok  of  tiM  1^  t«m  fkom  tU  UgiaDiag  Mid  tlie  rth  term 
k  oqwa  to  tbo  prodnot  of  Um  tnt  and  tho ! 


>to» 


0'  («*i)'*(>*:-.)V(.>i)' 


itliiilotkrM 


7.  Dlfid*  Ilk*  


•Jfcwr  th.1  if.  fa  »  O.P.,  tMk  tM  u  -«— Till  IhM  Mm  IM 


ii*O.P. 


«f» 


»0.P. 
MriMit«(r«-l)(diMrllMllU 


U.  i'»fc.|*m,th.rtI.I«.olaap.«,^|,.„.j„,H^y,.Wirlfc.l 


It. 


U. 


ton 


tOH 


•-t-W-ftM-l- 


(a+»)+(«»^.«t+»»)+(<|^+gll^.^^|pj^ 


^'  .?•   WW^   CHo^ttokd   lltiML     I>    Iht  M 


«C  «iM 


l+f^.f»+. 


tiMNth 


k  2-»  Mid  the  wm  of  !•  t«mi.  i.  giv«  by  th«  fcrrob 


where  the  mfaeoript  nim^  indioatee  thet  h  fa  e  qoMlioB  ef  the  earn  of 
nteme.  H  to  *  be  given  the  Taloe  85  we  Ind  thrt  the  lith  ter™  fa 
with  whieh  the  terms  end  the ««_weie|wn^ 


-.-.  w««a  »a  «riM  eaa  the  «mi  of  tenae  iiwieee  with  fapfiMee 
*•  u  verj  atnking.    It  fa  «Mfl«  aeen  that  n  Mar  be  tabn  ^^-^ . 

Urge  to  make  either  the  wth  term  or  the  earn  i  •  tera»  iiwSS 


•ay  MiigiMd  aaaber  however  laife. 


-ti; 


i; 


■mvUmwiIi 


•wltlMMmiofii 


«W- 


1 


1- 


IW-' 


.1-1 


1-1 


It  to  «  to  gIvHi  Mm  viOm  iOk  «•  iad  tha* 


•■- 


I 


«.-»- 


II.  W.  M 


■^  ara  alrMk  liy  Um  MMdlafM  of  the  SSth  tons  mmI  lij  tto  praidaltv 
tofoltto«««IS9tmM.    Vron  tfMMpfWNioM  forts. MdiWi^i* 

if  %  IIm  ▼•!«•  of  «.  liiiin«ii  ■■Mllor  ■ml 


pkOatlMlt  wHIi 

mm!  Itoltho 


not*  mmI  nort  tmtfy  oqaAl  to  f . 


lib  pUn  too  tlM*f»  my  to  tatoa  mOoImiU/  largo  to  Mito  %  Io« 
ttoA  oay  ■rtyiod  porftivo  qaMtify  towovor  mmU,  mmI  to  Mto  tto 
•n,  whioh  io  loH  tbM  9,  diftr  from  S  fay  Iom  ttoa  m^  Moknod 
paritbo  wntor,  towovor  oMlL  limiliH  «1m  •MMtioa  to  lu  U.  to 
ItonwofntonMbwooMttok 


(l)Sil«iHMMfll«UlMfj 


with 


M7  to  taton  mfloioBtly  1m|o  to  adco  s  oppRMoh  1 
noro  Boorlj  tton  by  any  ■■rignod  pooitivo  qooatlty  tow 
OTor  moll,  so  tto«  ttoro  !■  no  nvmtor  Iom  *Hn  9  ttol  & 
OMUMi  to  modo  to  ozoood. 


Wo  My  tIlOB  ttol  S  b  tto  Unit  to  tht 


nm  of  «  Unu  tmnk 


indiABHoiy  iaonoMd,  or,  more  briofly,  that  tto  in^nUtt  firiot 


n-l+i+ 


totSasitsa^    ^^ •nias B*y  to lodnd  apoa •■  a por^otir dadaito 
ttooi^iiolttodaqdaatwayofgiTiiigttonaiitorS. 


ft 

»Mn4flilliii% 


f 


T 


T     rm 


r-»'«r4«r«+. 


■^r  now  U  Imlad 


^-« 


r  - 1 


w««i«Uy  fmtor  U»ii  mj  MiigMd  nnm\m  bow.^  Im». 

]*;jjj«  ^  •  -»d  -  uuig  gi^  .^«^  ,  ^y  b.  ^„  'Sj; 

Wjto,t.Ijr  «,.  „„.„eri«U  value  of  I,  t«Kb  UyuJ^,  li,«ir^ 

may  noi  fa  thi.  CM.  .peak  of  the  limit  o«  the  wi  ol « tW 

(n>8oppo«|r|<l. 
TiMn, 

a«»«*mUj  tam  timn  any  Md^  porftiv.  qmatityThawmrii 


ill 


4> 


Vi  ALOMBMA 

TkmfM^  aK  •  Md  r  hdmg  ghPM  ywiwm,  »  M17  to 
MMNigli  to  aato 


-r 


pedtiv*  qwmiity,  howtfw  MMa    Am^m 

MdlM 


iadiiaitoly  tto  aanMrkml  taIm  of  ly,  dlAn  kw  Md  !«■ 

fron  ttotol    *    ,  MMi  »  HMjr  to  iidMI  fell*  MMMgii  to  Mto 


-r 


M17 


poiMtw  noator,  tovwvw  nMa 


W«W7tiMiltol; 


Tk»Umii^tk»»mm^ntmm^A*e»rim 


»+«r+«r«+ 


(IH<1> 


M  » 


vnd^fMl^U 


-r 


or,  in  oitor  wonb, 


(I'Kl). 


-r 


Jb.  riadttoTriMofOi 


O^-OiWM iaiainitaM. 

•  ^  ft        5 


Thii  is  Ml  inftnito  O.  P.  wtoM 


»«ok^,wllioll|.|MitfMMll. 


1-A  ffl- 


■XBlCltlS 

L  Writ*  aevn  IIm  m|w— iua  for  tkf  m«  of  »  Iotm  off  mA  of  iM 
.  mm!  lai  Mm  liMit  Id  tho  NM  M  •»  i.  iadoialtoi,  iMTCi^ri : 

a)i+J+J+..... 

(«>1+|+J  + 

Wi-J+J- 

t.  Wrtto  down  Um  mum  of  Um  fdlowii^  ininiu  mtIm  : 

<«>»+j+S+ 

S.  8Imw  tlM»  tmj  torm  of  tbo  iiiflniu  wriM 

*+H+i+ 

h  oqwl  to  tlM  son  of  tho  fatflnito  MtiM  of  ■nooMding  tonas. 
4  SlMwtlMluijrtemofftlMiiifiiiHoi 

is  *wiM  tko  Mm  of  tlM  intnito  aariea  of  suooeeding  i 

ft.  OoMtrart  tho  O.P.  wboM  infc  tarn  ia  1  «id  in  whidi  any  tana  b 
tittaa-foiutiia  tha  aam  of  tha  infinite  aariaa  of  auoeaadiiig  tama. 

«.  VindtliaTalaaofaaoliof  tiMfoUoiriograeurringdaeinwk: 

0*7,  O-Old,  0-7S^4. 

7.  Tliaaiddlapointooftliaaidaaof»M|iiaraar«joinad  to  form  aMilhar 
•qwra  J  tha  Middla  pointe  of  thia  aquM«  •>•  jolnad  to  form  •  now  Minaia  • 
•Bfdaoonfaidafloitalj.    Find  tha  aian  of  aU  tba  aqnana  thoa  fbrmad. 


ii» 


•.  iimrititfc    An  k^MrlMt  •ppUwtioo  if  Hkm 
Mion  Is  iMMd  ia  Um  •vAlMtum  of  mmWk    An 
p^Mt  iwttrriQff  »|  the  Mid  of  MjwU  iirtM^itb  for  wme 
llMM>  if  A  b  «Bder  obligMioB  to  i»7  B  Um  Ma  of  tlOO  »t  1 
•Mh  jesr  for  tiM  next  0  ywrs,  this  raearriag  pMasat  is 
MBoitj  of  |10(^  btflMillf  now  sod  nWlSffor  tre 

An  annuity  Is  sdd  to  bs  dcfhiTtd  for  »  b^^mt  <>#  «ii.»  .k  .  •« 
1 »--  .»  4.     '  J    -  ^,  '^w^*^  «*■ »  ■■■iDBi'  oc  yann  when  li 

omiiis  at  the  end  of  that  nasilwr  of  ysMs. 

The  faitorvalbf^n  ..osssslve  psj^nt.  i.  g«an«y  one  y«ir, 
tbovfh  it  may  be  aaj  period.  '     ' 

ftfa suppose  known  that  the  vdoe  of  any  slrt«l  s«n  of  money 
depwdi  npon  where  it  is  plaoed  in  tlBie,  i«..  when  it  is  to  be  paid  m. 
to  beoome  doe,  and  upon  Aemto  of  interest  Thus,  if  fiiO  is  to  be 
P^  •*  the  end  of  3  years,  «d  if  the  »to  of  Jirte^Tk  ?3 1^  «! 
<HMo»l*.«.H«thepres«i»,ialueofthepayni..iis  '^"^'^^ 

W^  $400 

(l  +  0-06)»'**7r06)»' 

Md  the  valne  of  the  payment  if  not  made  until  the  end  of  7  WM.  i-. 
4  years  after  it  is  dnsi  is  '  J-^  ».«., 

•4OO)c(l-06)«. 

UlMteation,  ..A,  of  flM  beginninf  now  and  ranning  for  ff  year*  the 
wto  of  interest  being  given  as  0-06  on  the  «nit»  is 


S??x  iHl 4.  11^  ^  $100       $100 
T65*(T^+(l-06)»+(TM)i+(liS)5- 

This  is  seen  to  be  a  geometrical  progression  whose  first  term  k^? 

1*00 
«d  oommon  ratio  is  _^    The  snm  is  therefore 


1- 


♦100  '"(Tggy    »ioo 


lU 


7  or 


1-. 


0^ 


Tie 


Y'iXWi* 


whieh  is  oonseqoently  the  present  nfce  of  the  annuity  in  question. 


aMBim 


■■^  --•—  of  •U  pftyniMtta, 


of  n  tonm  whoM 
warn  is  tharafbra 

I- 


ratio  is  -J. 
1+r 


1 


•A 


(l+rr 


1-. 


1 


wUeh  rcchMM  to 


T+r 


!^.  (l-_L_\ 
••      1      <l+r)-/ 


wyA  to  oonwqaentfy  tiio  preMnt  valoo  aoai^t. 

I^  in  the  prseeding,  w«  sappon  n  to  iwiraue  indefinitely,  which 
mmm  th»t  the  pAjmente  are  to  oontinve  for  ell  timo,  we  have  then  to 

«te  with  an  infinite  geometrieal  aeriei  whoee  common  imtio  ia  _L 

whtoli  to  ton  thMi  1,  and  the  earn  to  "^"^ 


fA 


I- 


^nMu  radttow  to 


1+r 


That  thto  to  the  praaeot  valae  to  eaeilj  aeen  otlierwtoe,  for  1^  patoot 
athiteraat  for  all  time,  the  mte  of  intereet  being  r  on  the  unit  would 
«w(iiM  to  bring  in  ^xr,  or  |A,  each  year  for  aII  time. 
^flh  an  immity  to  oeltod  a  ptrpetolty. 


i 


int  p»jMil  to  MMh  al  til*  Mid  or  M  + 1  7«H%  M  Mm*  te 


•▲ 


•A 


•A 


Thflw  M*  hara  « t«nM»  Mid  Hm  MriM  ia  ft  fMOMlriMa 


»^  1^  i  Hm  Mm  ii  tlMNftm 


\ 


with 


1  - 


•▲      n 


•A  1»      /,  1      1 


ft.  Find  iIm  priwH 
Oof  inl«RMfc 


flf  • 


par 


€▲ 


on 


iwWHluii^.    iriafeMwtMfll^ 

jtMt 


on  U» 


itha 


«■  1h  tWMiAy. 


m 

■ABifoincAL  pnooMtHunr 
fcrmad  lif  ih*  rNiprowb  of  ito  twriM  ia  u  •rithiDvtiflal 


in  luMnwrnuMa  prqfnMion.    Than 
1   1    1 


lMm,k,e\mihrm 


M«  ia  aritluMttoal 


lmtk» 


1    II     I 
I'm    c'S 

"  nr  sr 

m    m-h 

e     b-c 


HU 


Umjbrttmtdtk» 


of  three  nuaben  m  banBOoie^ 
M  the  ^Anitioa  of  u  h«niMMuoal 


ofw 


fa  hwiDOBioal  progreMkm  tmy  be  solved  hf 
proUem  in  arithmetieal  progreMkm.    Thin  wffl  bo  Ofai^ 
Ik  is  to  be  reoMWJnd  th^  there  exbta  bo  loraiala  ier  (ho  aon 
of  on  honnooiool  progreeekm. 

*  IB,  4S,  es  are  in  hamaoioal  progrmdon  Mid  tnd  (he  iilli 

J^     1      1 
m*  4b*  W 


l_     1 
46~9» 


«    «-    »6 W  46'  @ 

progiuHion  and  thwefore  36.  46,  ffi  in  hannonieal  pragnaaion, 


AUMBBA 


V«Bl.lk« 


i*i*i*- 


SD 


win  Wf«  lor  mh  iMM 


i.<.-i)(.A)-n#. 


\^^-  ^ 


tk»lMnMiaiMa 


wiU  iMT*  for  iiUi 


(Wont  Ib  «Im 


sit 


K.P.  win  h* 


that  H,  a,  »  an  is  B^.  a^d  oomiBM  tlM 

MtWOtMRM  of  Ml  RJP.  MM  t'Mid  S  t  «»JI  4li 


fb«r 


1. 

1.  Tfc.  Btk  »«»  of  «  HA  i.  l«  i«d  til.  Slh  »«  moi;  iii4 


■iMW  Ihit  AP,  AB»  ilQ  •!•  in  R.P.  " -"  ■«»  «*  »"ipooth^r ; 

!r.*rr^  T?**  ^  -^"^  -'i*iio>MH,Midtf«.«i-i.  ^JLIi 

^OTmwMomiuiifqgNMkB  wkoa  moqt  oouMoatiTo  timo  tMn.  •>•  in 
■«>^iWplMriM^  .IlOTr  tbrt  tbo  lodiTOod.  of  Um  toniM  ol  J^ 

*  SilMaaiaal  Kim.    it  tbiM  nambonant  ia  harmnniiMl  »&. 

grMka  tfao  middlo  MBbtr  k  oiOlod  tho  hifnilnil t/X 

ottirlMoiMMiiiM^/ wokiwthmtheprobhM:  ^^ 

aV/frf  rt.  lir ,'«,y  M.,^  ^a  Mirf  &. 

Lrt  •  bo  tho  mow  «o,,ght      Than  «,  «.  6  are  in  i. ^, 

toi  aad  tlwrefon  - ,    _,   ^  an  in  arithmattoal  praKreaHe^ 


1  1_I  I 


;  t 


m  m 


Tbm,  tk0  hmmomtMl  m$im  iif  two  nmmitn  i$  tk$  fuetlmu  ^  tmim 


tt  •  and  h  are  two  poddre  niimben  aad  if  their  ■rithmrtliwl 

•MMsMeal  and  hMimmieal  iiMMu  U  denoted  fay  A,  O,  H,  nmmIMt 
weMgreoaipar«UievaliieeofA,OandH.    Forwehnv* 

A--|--;  O-^oJ;  H-j^. 

ee  Iha*  0-v'XH  and  O  i.  not  only  the  geoeMtrieal  mean  of  •  and  k 
h«t  abo  the  geometrical  mean  of  A  and  H. 


3 

_a-V3>* 
T 

»rt»  enipedngn  and  6  mieqnal,  (i/i- ,/J^  fcilag  ttn  .-,1^  of  ^ 
fealnumberkpeBitive,eothat  A-Oi«poBUi»eorA>0.     Fnrther 

iiMeAH.6>wehaTB^-g.aDd  A  beiim  freater  than  O  we  hare 

S>H,  lo  that  A>0>H. 

H  •-»  its fMMy  eaHi  tiiat  A  - 0  =  B. 


diMUU 


Hfliii 
lift 

ftiniM]iMAB,Bo 


lOi 


1 1  ■■■■uu  MM^IM  Mm  ABOL  MMlnMl  Ik*   --***- — "    *  «-j  ZZL-*-*-!. 


i.Uth» 


«.  U  CM  HfOrtl  aMM  of  ft«o  MMbMk  k  to  ftkrir  — n I «. 


•.llWflh,flk,fl|| 


Of  M  H.P.  «•  a,  »^ « ,  ^Mv«  Umi 


(|-r)le4-(r-ji)<«+(|i-,)i*«a 


IV 

la  «iib  MQlioii  win  U  eaMid««d  «rtaia  MriM  wkoM 


obMiMd  feon  (hi  Nmltf  fevad 


OMI  to 
or  bjr  •  nodttauion  d  tho  netliocla 


«Vjo7«ilia«kopNeadiB(MelfaM    Wo  woill  (fe  «,  *  |o\  ib, ,-« 
of  thoantuMlinamnibm!  •.P'Wj»oi«B 


1+8+8+ +ii-!!ilLtL> 

i     • 

■■d  •  fctwOo  for  tho  Mm  or  the  aqoMwi  of  Ifco  «wfc  «  n«»tt5 
DoBotitbowwhyg^    ThMi 


Wo l»w identiooUy,  i^, fcriOI  ^ne. of  r, 


whvm 


» 


(ii-l)«-(i.-l)»-.|(,-l)»-S(».,j  ♦!. 
(•-5)».(i.-8)i-3(»-J)i-8(»-S)  +1, 


!• 

»  •  •  •  1 

!• 

•  •  • 

S.3> 

^ 

19 

+  1. 

S* 

- 

!• 

- 

S.S> 

- 

9.S 

+  1. 

!• 

- 

0> 

- 

S.I* 

- 

1.1 

+  1. 

Tfc«,  iMTfaji  r<,Md  to  th«  liMt  no*  writUa  bot  iiiwbIj  indloatad  br 
«»-0»-8(l«+lt+S.+ +«^-8(l+2  +  S+ +H)+^ 

-|(8n«4S«+l) 

_«|(<H>1)<»W4.1) 
I 

Tys  rsBolt  abould  U  loloiMd  in 

1.8+8.6+8.7 +. 


r  aV"^  "i^^+U  whioh  eqiMb  »»»+».     Now  fir*  to  »  th* 


« 


/  Id'*** *ii^ 

i-fa^t* ♦•) 

•  liiHih  iillilvfllgHwllMMMcfM^MiiAivif  l«m  f^ 
to  kn«^  to  Ih*  diiflit  fciM 

cms 

koUhdmiMKM,  laillM  MM  to  •  toms  of  vmH  «f  ih* 
M*tf  llM  NMdt  ky  MrfgdUf  to  » tto  fidM  1, 1^  9 1 

1.  i«+a»+i»+r+ 

t.  Lfl-i.ftS-l-M-t-lft* 

*r+4»+«»+r+ 

5.  •P^.(•+»y+(.+»yi^.(,4.a^)»^.. .... 

ilk8Ctabw«ftttVtt«rtl»nitani  Ufa 

tto  MB  of  »  torn  of  «to  Mri« 

l«+l»+l»+ 

It  fa  mOBj  MM  ttollto  MriM  fa  mMm 
MlriMl,  to  ttol  it  «db  Ibr  ft  aiwjrl  attiwd  of 
DMoto  Um  ram  aoi^t  bj  8^  ao  tbM 

flb-l"+«»+«»+ ♦»•. 

WolwToidMtifldljr 


toiwl 


I*     -    ©•     .    4.|i      .     Cit      ^     4,     .,, 
by  «ldltfc»,  w«  fcw,^  d««  lli,„  ^  ,  B^ 

-**^'-«'-»-«-»(«+I)(t«»+l>-iii(«+l) 
-•(••+l){n»-«+Ul»4.1.f^ 

CW.  1«+Jt+ +*i-(l+s+ ^.y. 

Ak  8am  to  » itRM  tb*  I 


!•  i«  lb.  pworiiag  i»rtW,  it  b  ••«i  llMrt  til,  «4h  »«i  k 

(i»-l)(lii+l)(l»+a) 
vUsh  k  «|aia  to  8m*4- Un*  -  9ii>  -  & 


I 


<Mi 


MMumoN  na  chmt 

(ANSI  «i4  HO  TISr  CHMT  No.  3) 


1.0 


1.1 


23 
22 


u 


|20 


L8 


!■■  Ih  1h 


/^'PUBD  fM/€3E     Ine 


l«53  CM  IWn  StiM« 


Wfe-^skr^jT*  «* 


f»«) 


-r«. 


^  AUMBRA 

w  hav* 

«t-(ai»+l«.l«-».l-8)+(a8»-|.11.2»-2.8-S)+ 

+(an»+ULii^-2.n-S>. 
8(l»+r+.....+f  )\ 

+M(l«+8«+ +«») 

-  8(1  +«+ +n) 

I-     (3+8+ +SX 

-an\»+l)«+«ii(»+lX8n+l)-«(»+i)-8i» 
whieh  miij  be  ndooad  to  the  simpler  f urm 

«i(*»'+8»*+7i»-2). 

BXfRCISBS 

8";a*ontemee«,hofthefoUoirii«eeriee,teeti^ 
to  n  the  valuee  1,  i,  8 :  »•»»•» 

(1)  l«+a»+6»+7«+ 

«)l.SL3+2.a4+3.4.6+..... 

(S)  a»+4«+e«+8»+ 

(4)  La6+8.6.8+3.7.10+ 

(5)  («+6/+(a+25y+(o+86)»+ 

,^  *•  "»  Aritlmnneo-Owiiwtric  8«riM.    It  is  propoKxl  tofind 
tiie  sam  of  n  terms  of  the  series 

a  +  (a  +  i)r  +  (a  +  26)r«+ 

^here  each  farm  is  formed  by  multiplying  corresponding  terms  of  the 
•nthmetical  series 

a  +  («  +  6)  +  (o  +  26)+ 

and  the  geometrical  series 

l+r+r«+  .... 

The  nth  term  is  seen  to  be  (a  +  inb}^-\     Denote  the  sum  by  S. 
■othat  '' 

S,-a+(a+6)r+(o+26)r«+ +  (a+frru),-i 

.-.  r.S.-         .     ar+  (a+6)r«+ +(a  +  ^326),-i  +  (a+^-rijy.. 


SMBlMa 
Xhn^bjMibtrMtioa, 

gWl-r)-a+(*r+6r«+ +*»-»)- (a +S^lJ)r« 


•iiwe  the  aeri«  within  the  bnujkeU  I.  g«metriod  and  ooMUt.  of  *  - 1 


tmns. 


•-»•  1-r        +     (l-r)«    • 

Here  the  method  is  the  importMi^  thing  and  the  i«Mlt  need  not 
oe  reteined  in  meauxry. 


1.  8am  to  n  tenns 
8.  Sum  to  » tenna 


BZBRCISBS 
l+fte+ar»+4a»+ 


'^I^bh- 


terting  the  reaolt  by  giving  to  n  the  Taluee  1,  J^  a 
3.  8am  to  n  terms 

7+12a!+17««+22*»+... 


4.  8am  to  n  tarms 


i-a«+a««-4t»+ 


BZAMPLBS 

1.  Ckmtinae  each  of  the  foUowing  aeries  three  terms : 

(1)48,60,72; 
(2)48,60,75; 
(3)  48,  60,  80. 

2.  The  arithmetical  mean  of  two  nnmhera  is  64  and  their  harmoni. 
oal  mean  is  60 ;  ind  the  nambers. 

3.  The  sum  of  four  nambers  in  A.P.  is  72  and  the  prodnetof  the 
eKtremas  is  to  the  product  of  the  means  as  27  to  36 ;  find  the  numbers. 


^  ALQMBRA 

4  If  theMrithneiioitl  meui  b«tween  a  uid  A  is  twinMgmtM 
the  g«>in«triod  mew,  shew  that  a :  6 : :  a  +  »/ i":  2  -  i/J 
Obtain  thti  remit  alto  faometrioally. 

5.  If  a,  A,  0  Me  three  given  nnmben,  find  the  nnmben  whieh  if 
^  to  ewh  of  them  wiU  give  «uni  (1)  in  A.P.,  (8)  in  O.P.,  (S)  in 

.1.  ^\^  """^J  ?T  "^  **"•  ■"^•*  J'  5,  5,  7,  9, be  taken,  diow 

that  the  «wn  of  the  alternate  term.  1,5,  9, will  be  to  the  sum  of 

the  remaining  terms  as  n  + 1  to  n. 

7.  On  the  groond  lie  n  stones  at  intervals  of  6  yanls ;  how  far  will 
a  person  at  the  first  stone  have  to  travel  to  go  and  bring  them  one  bv 
one  to  the  first  stone  t  Bvu«u««ioy 

8.  On  the  ground  lie  n  stonns  at  intervals  of  1  yard,  3  yaids, 
5  yards,  7  yards,  etc ;  how  far  will  a  person  at  the  first  stone  have  to 
travel  to  go  and  bring  them  one  by  one  to  the  first  stone  I 

9.  Sam  to  n  terms : 

(1)0.9+0.99  +  0.999+ 

(8)0.7  +  0.77  +  0.777  + 

10.  The  series  of  natural  numbers  is  divided  into  groups  as  foUows : 

1;  2,3;  4,  5,6;  7,8,  9,  10,  eta 
Knd  the  sum  of  the  numbers  in  the  rth  group. 

11.  Between  a  and  &  are  inserted  n  geometrical  means;  find  the 
•nm  vi.  those  means. 

12.  The  sides  of  a  right-angled  triangle  are  in  A.P.;  shew  that  they 
are  in  the  ratio  of  3 : 4 : 5. 

13.  Sum  to  n  terms : 

(1)  l+(l+6)r+(l+6  +  6«)r«+ 

(2)  («+a)  +  (a!«  +  2a)  +  (a!S  +  3a)  + 

(3)  l..l«+2.S«  +  3.6«+ 


14.  Bam  to  n  term : 

l«+3^+SW+4V+ 

15.  Ua,b,e,  danin  O.P.,  ibew  that 

Prove  also  the  oonrene  propodtion. 

16.  Ha»,  4«,  c«  are  in  A.P.,  ihew  that  b+e,  «+«,  a+b  are  in  H.P. 

17.  Shew  that  a,  6,  «  are  in  A.P..  O.P..  or  H.P.,  according  a. 

»-b    d  a      a 
r — -■-fT»or-. 
o-e    a  b       e 

18-  Mthesumof  n  tenn«ola«erie8i«o  +  6,.+on«findtherth 
term  and  the  nature  of  the  aeries. 

19.jnie  sum  of  »  terms  of  a  certain  A.P.  is  (2n)«  for  all  values 
Of  n ;  find  the  series. 

20.  Sum  to  2n  terms 

r     r'    r*    r*"*" 

21.  If  a,  6,  e  are  in  H.P.,  shew  that 
(1)  a:a-b::a  +  e:a-e; 

(2)*±f+*±f-2; 
b-a    b-e 

(S)J_+_L.  i+L. 

e-a    e-b    a    b 


22.  If 


r    •  rs 


r      r' 


e      c 


shew  thatay  :«::a&:e. 


.  in  itif. ; 
in  inf. ; 


'vr^ 


^  AiaMBtUL 

91  Iffl,^«M«UMjith,fth«rth  tmni*  of  both  m  A.P.  and  » 
O.P.,  ihaw  thai 

24.  If«,a„a„yareiaA.P..«r,y„y„y  mO.P.,aiid»,A,,Vy 
In  H.P.  then 

85.  If «,  a,,  «,,  a,,  y  are  in  A.P.,  and  »,  A,,  A,,  A,,  y  in  H.P.  ihaw 


that 


«y-«i*.-<»»*f-«A' 


36.  If  S.,  8,.,  S|.  are  the  tami  of  n  terms,  2n  term*,  Sn  terms  of 
a  O.P.,  shew  that 

^(8|*-S^)-(S».-S^)«. 


CHAPTER  V 

PKBIIUTATIONS  AKD  OOMKNATIOirs 

•11  poMibl6«.i«iio«* of  thrwinn,  the  following:  P»«  »•* 

*«/,  eda,  dab,  abe. 

Thaje  .re  the  oomUlMtionf  of  *oor  letters  thiee  at  •  tim*,  «id  they 
•re  foor  in  number.  " 

«#  tS^.r"^  r "!!  'u*^  combinations,  say  6«f ;  then  by  interchange 
of  the  le  ten.  4,  c.  d,  the  only  «m,«^,««»/,  of  th«e  that  in  be^^S 
of  those  letters  are  the  following : 

4crf,  Ms,  cel^,  ebd,  dbc,  deb. 

Each  of  the  remaining  three  oombijations  will  gire  rise  to  mx  snch 

•rrangemc^ts.  «,  that  in  all  then,  can  be  formed  Tweniy-fo„r  !^^ 

STartr-*"-^    ""•"  •'•  "^^  P«milUtian.^of  fonrTte^ 

So,  too,  we  speak  generally  of  the  oombimitiona  wid  permuUtion. 

tLt^  \1.:  '^T     ^'  **'^"«"  •«»  onlin^ay  denoted  1^ 
te^«,  d^rent  letters  denotmg  du-imikr  thing,  •nd  lie  letter,  li^ 

•appoied  to  be  diswmJar.    In  the  theorems  and  problem,  to  £  treated 

EXERCISES 

I  J'  '^,^"^"*  **»•  »°»ber  of  combinations  and  permutations  of  three 
fonung  the  combuuitions  and  permutations.  •«'u«iy 

w^'  ^,*f"^*  <*•  """ber  of  combination,  and  permutations  of  four 
fame,  by  actuaUy  fonmng  the  combinations  and  permuutiooa 


% 


J. 


^  AlOMBRA 

leHew  o,  6,  fl,  «^  ,,  uk^  3  ^t  »  time.  «■  «  o 


ft      d      « 


m»y  be  filied  by  8  of  the  lettera  i.  plainly  the  nomber  of  «i«»«#^«^ 

^^S^^  ?^  "^^  **  *""^  ^y  '^y  «"  ^^  «»•  *  "Opining  S 
jndthe«forein4w.y..    Thu.  e^^h  of  the  5  po«ible  w.y.  oflui^t" 
fir.t  place  may  be  MMoiated  with  each  of  the Tpo«ible  wav.^  mi!? 
the  .econd  which  make,  in  aU  5.4  way,  of  muJ^lX^^ 

then  be  filled  by  any  one  of  the  3  remaining  lefcten.  As  befoHL  Zh 
of  the  6.4  way.  of  filling  the  fir.t  two  placL  m^  be  to^t?  ^J 
8  way.  of  filling  ^  third,  which  make,  in  all  L  3  ^  ol^filHng 
the^tJjree  place.    Hence,  5.4.3  or  60  i.  the  number  of  jTrmutSZ 

One  way  rf  filling  the  pl««,  U  indicated.  The  .tudent  i.  n«om- 
««.ded  to  wnte  out  lUl  the  way.  of  filling  the  ««ond  after  b  ha.  be^ 
put  m  the  fir.t,  and  then  to  write  out  all  the  war.  in  ^I  * 

filling  the  third  place.  ^  «  each  ca»  for 

The  .general  propcition  is:  To  find  the  numi^  0/ p^>rmutati<ms  of 
n  d^tmu  th%ng$  rata  time.  ^"'^wkwuw  0/ 

thin?LT^'  IJ"^  °'  *"^"«  '^  P^  *"  °"^«'-'  «^»»  PJ««  by  one 
thing,  18  the  number  of  permutation.  Mught 

the.ll*"*  ^^'^  "^l  ^^-^""^  ^^  *"^  °"*  *•'  *»•«  «  thing,  and 
therefore  in  n  waya     Suppow  it  filled  in  any  one  way  •  the  iLmd 

^ace  may  then  be  filled  by  any  one  of  the  „  /,  remainin;  ^L^ 

^er^fore  m  n  -  1  way^    Each  of  the  «  way.  of  filling  the  &^  C 

thm.  be  a.«H>iatod  with  n-  1  way.  of  filling' the  ««ond  which  m^ 


^MMMUTAnom  AND  COMBUrATIONa  g| 

n-3  way  of  aUiag  the  thW  i»bfoh^Zjrw,,.?^^^Z^*** 

niMtUrpUoeiBiaybeflUadin  *       •^ 

»«(»»-lX«»-2) (n-r+I) 

w^  Md  thi.  th«  i.  th.  nurnW  of  permuution.  of  »  thfag.  r  .f  • 

Mn-l) 3.2.1. 

Sinot 
w(n-n.....^n-r.i.l)."(«»-l) (n-r-Hyw-r)(ii-r-n....9  1 

.  ^»-rxn-r-I).....2.i 

we  hare 

.P,-n<«- 1).  ....(„.,.+ l)._nj^ 
6.6.7  or  2ia 


BZBRCISBS 
1.  Inhownunyway.n»y6book.be«rangedonadielff 


i 


How  Buuqr  of  Umm  wUl  Md  ia  0  f 
W|»>  if  digUaBMj  Iw  rtlMtodt 

w  How  ««ydg»d.oo«Mb.»iMi.  with  r«iigi7L£^;;^„, 

•^w  BiMjr  word.  .Mh  of  fonr  lotton,  bogioBing  and  Midiiw  with  • 
WMooMit,  «v  b.  B»do  Itam  tho  l.ct««  of  tho  wort  tomWf 

».  Inhow  mMj  wyi  mvs  bdio.  nd  6  gmittonm  U  MricMd  to  10 
•«t.iii«fow,iiotwohMUo«tob«.«rt«ltogothirf     .  ■"«»«>  •<>  » 

10.  »ii>diiihowiiiMyw«j.»pwoii.in^ybo*irt«l.t,ronndubl. 
(1)  rapiMMiiig  tho  Mits  diithigaidMd ; 
(9)  ooMidMnag  nktift  porition  oiOj ; 

oolj  in  «rMMiM»  (or  mnm)  MO  ooontodM  one. 
iwMo  tf  A  oortnin  two  ponqM  wo  no*  to  bo  {tlMod  togHhor? 

11.  I»b<7"»Mrwaj««v6Wioonnd5g«itIe»«»boMotodtolirtifol» 
•*nioondtia.bifnotwoMio.M.tobo.«»t5togothort  "*^ '•^'*'' 

wffl  be  Ulortmtod  bjr  finding  the  nomber  of  oooWaation.  of  B  letter. 
JS  ^  «,  <*  *  taken  3  at  a  time.    Denote  the  number  wngbt  by  N 

SiL1!r  T^*^"^'  ^  ^  infwhange  of  the*,  lettwi  we 
obtain  in  aU  3.2.1  dietinot  permutation.,  each  of  thiee  letter..  The 
•M^  i.  true  of  each  of  the  po«ible  oombinationa  Now  no  two 
d«Unrt  oombmataon.  oan  giro  ri.e  to  the  «me  permutation,  while 
JSLf.iSrS  ^  combination.  wiU  be  form«i.aU  po«ible  permutation., 
aenoe  the  total  number  of  permutetion.  of  6  letter.  8  at  a  time  i. 

Nx  3.2.1. 

But  tiii.  number  i.  already  known  to  be  5.4.3. 

.'.  Nx  3.2.1.6.4.3 

..  N-g^-10. 


fMMMUTATtONi  AND  OOMUftATIOM  m 

nt  iJiKkBl  fa,  rmnmmH>dtA  to  write  dowa  Uim.  10  ooabiaMioM 

•«l  *»  Ihrir  idatioo  te  th,  60  |»m.tet|o«.  o#  » Irttm  a  a  rS-^ 

uJ^^"""*^*^  ^^    T'*»"y«»bfa»lfcmoflhortliii»«.. 

iraoM.^  ThMint,  th*  totel  noinbwofpenntttAtioMolHtUiifira 

B«t  this  Bunber  is  drMdy  known  to  be 

"<"->) (*•- r+ 1),  or -J!i_. 

•'•  •axrf-i^w-l) (n-r+n-.JL'     . 

(»-r)l 

»•»  "rl(»-r)l' 

BZBRCISB8 

In  iJlT*  • '""'T'v^  " '****^ '«**•' •^  »■»»«««»»•  to  b.  ehos« 
inhownuuiywayaiathupoMiblet  •^wwbwij 

nambm  denoted  by  ,0,.  ,0„  ,0,.  ud  oompuf  the  rdu.  in  Job  eMc 

*'«>«>*«M«mt«inb.gl6book..pe«oni.toiel«rtSbook.;inhow 
m$aj  ways  may  (he  uleotton  be  nuule?  ' 

4.  If  ,0,,-,Ct  find  n. 


1 


MdriMpai 


^  AijOMMMA 

•  iZ'iZ^  !•*•*****"*  >^  *•«•  "^  » 
< Mi« mmI 4 fMllMwi  b to  Iw  AflMii  ia  ko. 

i.  BbvMmrdktaMblMsalMptagaiif  » 

J' JT* *-*'*—  "^ *^ n<iu  ■  Ml wiitog  ill  J 

!•  to  *•  ttaMB ,  to  Ww  «Myr  wigrs  wiV  »W»  b.  don.  t 

•Mrtetait|NvUi.MtoMmo.lit  "••"**"»'• 

10k  MtovtiMI 

A,  a^  O,  D,  If  A  Mid  B  BM  '— «-  «A »      •  .. ,  "        .  '"'■"■"  """^B 

'itiitags  t  *  "~  »  •»•  "^  to  VMihr*  t  thinp  MMl  0  and  D  «dk 

U.  SlWirtittt 


IT. 


^'-»KJ.a.».....K^i). 


!r:;L!22:'j3f:^''^**^ 


iMkMmoftlMwoidMifrfttiNltf  ^^      iw-wiirDw 

b  how  mMgr  of  tlMM  Witt  tb*  TowdB  b«  MpMiitod  r 

«.  «»^»fcrt»l»«|wd»rtof«^yr«B«.«itlToto|.,«|,4W,lb,,fcy,, 

««W;.rt*o.».  h-  b«»  d^^  from  th«t  on  p.m«t«SLu^ 

Lrt  N  dtnoto  the  nnmbM' woght    1Wk«  mt  om  of  th*  n.r».«^ 
fcom  on.  •noth.r  «d  froo,  th.  rert.    Tb«iy  iiS  ZT. 

•ott^th..owo«WglTori..toNx;,Iper««tation*    BnttlJSwaSd 
W  th.  » I  pwwutotion.  among  th«n..Iv6.  of  n  unlike  thingT^ 

/,  Nx;»I-nI 
nl 

•  J^' J*'  7"^'  ^^  P«™»*»*i<«»  <rf  n  *hing«  tdcon  dl  .t .  time, 
|»  being  of  one  k,nd,y  of  Mother  kind,  r  of  mother  kind,  U 

/»ly!r! 


N-' 


i. 


1 


"•  ALOEBBA 

^''^rtpttUtont  of  eaek  thing  m>^  allowed  i»p  to  rtimt$,iMn'. 

^«ir  ^/^^  F^f  ""y  *^  "P'**"*-  Thu.  the  number^  wey. 
rfMmgSpUoai  i.  n«  end  by  oontinaing  the  rB.«»iag  weibdthit 
thenumberofweyioffiUingrpIeoeiiei*'.  ™«wi»i 

m«orem  ^^TheMal  number  ^toay,  in  which  a  eeloction  o/one 
ormorethtnfft/romnthingtma^b«mad$i$3»~l. 

The  fi«t  thing  mey  be  taken  or  left,  •....  it  nuiy  be  tmtted  in  3 
^wJr^^'T***'  "~°"^  thing  may  be  treated  in  2  w»y^  «, 
th^ilr.ttwotW,^n«ybetre.todin2.way..  Sinularly  f Jr^ J!^ 
jaoee«ve  thing.  «d  the  number  of  way.  of  treating  aU  the  thing,  i. 
^J^  "  T^"^"  the  cam,  in  which  aU  the  thing,  are  iT^ 
tiie»«fore  no  Mleotion  made,  the  i^ult  MMight  i«  2«  - 17 

neoremlV.     n0v<aueqrr/or  which  ^  number  iff  combination. 


<lfnthinf,rataUmci,greateetic^  ifnicet>enmnd 
vikcnnieoM. 


n-1 


or 


n+l 
3 


It  i.  readily  seen  that 


Therefore, 


■Vr  "■  nS'r-l  X , 


>-<    1     J 


.  .*.  a.  n-r+l  >  «  <  r  ; 
/.as  n+l  >-<  2r  ; 
.*.  a.        2r      <->»  +  !• 

.*.  «         r       <->n+i. 

2 


^'MiUTATIOira  AJTD  OOMBINATIONB  ^ 

^•a>.a.|.    ThM,.0,i«gw.t«rtwheiir-!?. 

(6)  Let  n  be  odd    Then  the  ttn^tm^t  v.u. 
.^      n+l      «    1  «»«««**t««t  valae  r  cm  have  to  be  lew 

than  ~r  •*.*»- 1 .  *ki    Ai       - 

3    *■-!-'  *»»^«'*»'««fo^i- the  gmtte.ty.laerc«  have  if 

.Cr>.0,.,.    ThM.O,i«gwrteet  when  r-tizj      i»„4  . 

■o  that  the  nomber  of  combination.  !LZ^  .f  *  ♦;«.  •   *u 

uwuuiw  ___  at  a  time  u  the  aame  as  the 

namber    *    at  a  time  and  each  is  neator  tK*«  *i. 

3  -««  Mcn  IS  greater  than  the  number  given  by 

•ny  other  valoe  of  r. 


BXAMPLBS 

(1)  if  digits  may  not  be  repeated ; 

(2)  if  digits  may  be  repeated  r 

S.  Knd  the  number  xd  combinations  of  4  letter,  an,!  fi.-  «      u       * 
penautationg  of  4  lette-.  th^t  —     uT-        V  *"®  nnmbw  of 

S^Hlam^  t»«t  can  be  formed  from  the  letter,  of  th. 


■■i^. 

i'*i 

.;|. 


:f. 
'4 


"  ALOEBRA 

of  which*  •»  alike  tto^rf.  I7  1  the  toUl  aumber  of  ooaiWiiirtioi»S 
fi  tningi.  ■ 

5.  In  »  oity  ere  M  stoeete  nmniiig  north  end  wmth  eadi»etnelB 
«nningeMtendwe.t  Knd  in  how  numy  diilb««t  wey.  tiie^ 
j<»«ni|^  fajji  the  north^t  oorner  of  the  dly  to  the  «»th^  ^ 

6.  If  twenty  penon^  ere  eeeted  et  e  roimd  teUe,  in  how  meny 

7.  fc  how  many  wey.  oMi  ;,  poeitiTe  eigne  and  n  negative  eigne  be 
-ranged  m  a  etraight  line  if  no  two  negative  dgn.  «e1Su  t^^t 

8.  Find  in  how  many  way.  8  like  thinge  may  be  given  to  6  pewme 
(1)  tf  t»>«»i««Mdenor8^trictiooa.totheniodeof  di.tribation,• 
(^)  if  each  perwn  ie  to  receive  at  leeet  one  thing ; 

(8)  if  eeoh  person  ie  to  receive  one  thing  and  nopenonmote 
Mian  two. 


CHAPTER  VI 

TM  BUrOMUi.  TBioRix 

Bwh  term  of  the  prodoot  will  h«  «f  ♦!.-_  j. 

except  that  ooeffidente  »«  w«tiiur     Th«  f-^  ^ 
formed  in  only  one  w.y.  nanZ^  J2L^"^  <«  «d  wiU  be 
coefficient  i.  the«rfo«  1.    Tbe  tern  J^,"JT"  '^'^  ^''  ^^^ 
fa«a  one  factor  and  with  it  the  «  ^"     ^J* '**^  ^^^  <*ki»g« 

^e-.becho.enfromoneoft^t^LrSa^'*''*"^'^"' 
o^  can  and  will  be  formed  inT^a«^  i?  !J1*^  **  *^*  *b«^™ 
Theterm«:.will  be  formed  b/rinT'  f^TfT  "  **««^  »' 
*be.e two 0^.  the  «  from  the  4Sjwr:^"'"^-i«^ 
two  of  three f^  1,^2  ^^  3  ^7**7' -~-'«<*o-f^ 

1.2  ^'^''•^-"d  3  i,  the  coefficient  of  «». 
11>ecoefficientof«.ia.eentobeI.    Thoswehave 


ALGEBRA 


L  WadiBtlMiiMimOTjtMlgiTMithcezpuuioiuol 

X 
t.  Find  in  like  niMinw  the  •ipufioiu  of 

(a-aeA(a+26)»,(8o-36)». 
&  How  111M17  tonm  in  tlM  •zpuuions  of 

(a+aiy,  (a-«)»  (8a+86)»f 

1  Tht  Biaomial  Thtonm  finr  ftPodtive  IntagrtllnoiMBt 

It  ia  propoMd  to  find  the  expuuion  of  (a+as)- whewnii»  podtive 
integer. 

By  (a+x)*  is  meut  the  prodaot  of  n  factors 
a-fa^a-fte, a-has, 

SMsh  term  wiU  be  of  n  dimensions,  one  dimension  or  letter  oomioir 
fipom  eMsh  iMtor,  so  th«t  «U  possible  tenns  an 

<  «»^- V, a!-V, rf», 

except  that  the  coefficients  remain  to  be  foond. 

The  term  oP  oan  and  wiU  be  formed  in  only  one  way,  namely,  by 
taking  a  from  each  factor ;  hence  its  coefficient  is  1. 

The  term  *•-•»  wiU  be  formed  by  taking  x  from  any  one  factor  with 
the  a  from  each  of  the  remaining  factors;  m  as  can  be  chosen  iu  n  ways, 
the  coefficient  <rf  a"-"*  is  n. 

The ywMraZ  term  a?-'af,  the  (r+  l)th  in  order,  wiU  be  fonned  by 
Uking  a>  from  any  r  of  the  factors  with  the  a  from  each  of  the  remaining 
factors;  as  the r  factors  which  are  to  famish  a:  can  be  chosen  in  C 
ways^  the  ooeffident  of  aP-''<^  is  "  ' 


1.2 


(n-r)lr! 


THB  BINOMIAL  THEOBEM  y^ 

1.2    "^  ^+ 

ji(n-l) (n-r+1) 

«d  the  fi^Bired  rule  lor  the  «xp««ion  ho- be«i  found. 

(Found  by  putting  a- 1,  .-I)  ""  "VIMMio*  ^(«+«.)^„  2-. 

oo^l^!ct0^    (*'<»«ndbyputting7-rri-Lr 

<?or.  A  I%eeo^^BeMiite  qf  temu  tguidiHant  from  iklh,^  • 

NoTt : — 

(1)  The  number  of  terms  is  n-i- 1   ao  thmt  w     t 

<'*"»'-'*(r>-^+(;>-v+ +(;)^^^ ^^, 

where  ( "  )  denotes  «»(**-I)-.    ■■fa~r4. 1)     _ 

'^  1.3 ; We  may  agree  to  denote 

the  first  and  the  Ust  coefficient,  namely  1,  by  (  j). 

Ar.  1.  Find  the  middle  tenn  of  (2k-3y)M 

*">«"•«  in  all  11  terms  so  that  the  middle  term  i.th«Rri.    •      ... 
involving  »».    It  i#  therefore  ""™*"  "«°» >■«»<»  6eh.  i.*.,  the  term 

10.9A7.e,o««,    „  ^ 


Si  ■ 


•  '< 


ALOMJUU 

l>wot«  th.  oo««oi«il  pf  air  by  «i. ;  llwn  «,-l-a.  Md  «^-€w.^ 

/.  (!•(-•>•- a»+«i    flj  +  e,    j(i  + +  c,.,jB"-«  +  a,^. 

A  (l+aj>» -«,+  «,.,, +(^j_,j^^. ^^    sB»-»+«*«». 

In  Um  imdaot  ol  th»  MriM  tlM  oo«flki«ik  of  «i-to 
«»*  +  «i*  +  fli«+ +«,« 

Mdthii  thw  tatqoal  to  thtootffldrot  <rf  «•  In  (l+x)*«  Mid  tlimfor.  to  J&ll, 

III  »1 

Th«  itadeiit  i.  rMwoiiiMiidwl  to  work  the  osunpl*  bj  ftoding  Um 
oo«flld«ntof  *»in  thepiodoctol  thtoipMMioMof  (l+«y»«nd  (i  +  IV 

(l-f•fle>»-a•+a|t0+ +  Orar +  .....  +a«««, 

(!+«>•  -J,  +  6,«  + +6,*'  +  .....  +^1,.^ 

find  the  value  of  * 

thJS^rrSriliiS;!'??^ 

tM>«fbi«,totiMooeflioientofafin(l+«)»««wluehteeqtudto 

(m+n)(m+>-l) (im.»-r.|.n        /^+,v 

1.8 r  '"'V    r    )• 

•^(:)(;)-C^i)(iK-,)(J)- Ho)(;H\^'*> 

EXERCISES 

1.  Writo  out  the  complete  ezpanuone  of : 

(a+6)»,  («-6)T,  (a+26/,  (l-|a!)«,  (l+fx/. 
i.  ^nd  the  middle  term  of  the  ezpenaoiu  of : 

(«+»A  («-y)»,(2»-3y)",  (ix-Jy)» 
8.  Find  the  two  middle  terms  of : 


m 


raw  MtmuiAL  thmohmm 
(!-«>•,  (i+a»>-,  (.-toy.. 

I*tth.diTidonb,p.rfamrf, 

^***«4y  th©  opnution  of  dividon  will  ««♦  *      i_  . 

*         — •••»    Aow  we  auj  aqr 

W««rei«dton^  l-« 

^^"*>"'"^+*+«*+«'+ m<„/ 

And  we  here  indeed  Men  that  the  limit:  „#  ♦!.• 

nurnericaUy  Uu  than  unity.  ^'  **'  '''"  ■«^«'  »  d  -«)-»,  (/' »  i, 

«P^L:"S^;^i?rJ^-^'-'e.  ^  to  hold^orapi^elveinte^ 

orwhenreduoed  .  12.8... r  (-«)'+... 

l+«+a!«+a!«+ 

a  aeries  which  will  not  terminate.    The  «-«!♦  :    • 

expansion  found  by  division.  ^  "  ■gwement  with  the 


i". 

i  ■ 


-f 


AUMBBA 

lis 


PO*W«f  K«NI  b» 


(I-«H«     1 1 


'•ad 


L•^th•dMifellb•p«fonMdl 

tt.Uirofkr».iath.qaoti«.*wUI,ontinu*    IW.  liTha^T-S!^ 
••■11^  mn  a  w  note  that  ^  now*?*,  is  mon 

tl«tlkfap««liriWto<UHd««infinif.,ri^    W.th«h.w 

L«t  tlM  dividcm  be  nndntakoi : 

1-«)1 +•+»•+«•+ (l+fti+ar»+.... 

l-a» 

to-to* 

Th«  kw  of  tenna  in  the  qooUent  to  now  erident.' 

Now.  let  u.  apply  the  binomW  rule  to  (1 -«)-..    Thi.  would  gire 

l+(-2U-.x)^izMznt.«^^     ■.(-8)(-3)...(-8-r4.n  - 

^•*  i.2...r ^  (-«/+.. . 

bo 

l+a«+ae»+ +(r+l)af+ 


which 


The  result  is  in 


agreement  with  what  was  prer^fafy 


Tte 


Taa  BiMOMUL  rUMOMMM 

of  tk«  f«l»  iMn  M  fai  «|M  MtUir  MMpl.  I 

Uii^ai^> 

*«.  A  »todMwpi«ifa«tai«,«dfaf  powrn of  .far (!+.)». 


•    1^ 


U^l^J-J 


S.J 


t^»-! 


+« 


+•+. 


■J 

■4  -5  +64 


If  lb*  bInomW  fob  ww»  .ppliad  w«  ■hould  obtda 
l+*«+ii|^+ 


•  iimiiu,goiilj«*«i«i,«,,,,,,K<tt%lM,flUm*«H«y.         ™™»«»«-i»« 

Ikuid|»tob.not.dtl«fc(l+a,)il„.twoTrfne^  In  finding  th.  «,«« 
foo*w.  nuj^thav,  rt«trf  with  - 1 M  wdl  M  with +1  .nd^tw^  ^ 
fo«ndwo«lddiibron^yi«.ig„.    Th.  binonuia  rol. V- o^  !L  J^S 

A  study  ol  the  pwosdiiig  WMnpte,  woald  aeeoi  tp  Iwd  to  iii* 
•c«d«rio«  th.t  the  BiBOBunI  ll,o«m  i,  TiOid.  «nd«  oertdn  w^ 


I 


y 


(1)  ••^•Vi«««*rtif«rW««ir«HNiair. 


tf  «itiiol»podtiv*  intigM-  HP  weh  factor  «»  «|»m,  and  UmmL 

II  l»  fa  •  qiiartfcm  ol  th.  «q4»doB  of  (•+«).  wlHHti  n  I.  f«otfc»ia 
or  aairtlT^  H  fa  wdl,  M  .  rda^  to  MgMd  thfa  M  ^  (l +?)•. 

^1^/f^JT^  ''"'  **  «*^  •  F«rf  of*thfaUi««« 
y  may,  tf  d^faH  bo  JHm  tinlfad.    Th.  foUowtog  ««,p|a. 

to*»ll  whfah  M  mid  naj  U  Mnuned.  /  ««  ««• 

Ml.  2.  IipMid  (!-«)-«. 
Ik  folkma  fron  tlM  ffHMMl  tlMonm  tlMt 

a-«)-«-H-(-»)(-.)+(z^^(-,).+ 

TIm  fMMnl  term  fa 

T.k ;  ^(-«r. 


Thfaaqufa 


(-iy.f4i:L^:J!±3?(-.)r.  »,(r-H)  (r^-g) 


LS 


(l-«)rt-i+a.+f4*i+ +<r+l)(r+9) 


O 


1.8 


«B'+. 


raM  MtlfOMlAl  Tttm>HMM  M 

^♦•^--•0*.=)  H-  0^(-«;*c^?i:^.  (f  )v } 

...  (.^.r-i-ij^ifi;. ^(.i^,^,,^^ 

(rri)'-(>+»)'(«->^-a+iii+«oa+to+*i-+ +;?!•'+....) 

(r-t'lHSLr.f(r-l)or4r. 
»!■  iwiUt  mv  b.  obtotorf  oilMrwk.  In  noting  th«l 

Ako  we  1mt» 

a-«)-«-i+    ,+    ^^. ^    ^^ 

'  r|  • 


dUMBMA 


»a+.)-i.i..^^.^^^. 

w<i-.)...u,..m^,4.^,m;.; 

('-»)*•  («*jr.  (.*i)-». 

g-iim •>>■.— !>—,«,., .   ^^ 


^(^8^. 


foUowii^: 
fttOowiiV! 


7.   IIPMMI  to  loo,  U«,  ^  ^  y^  ,,j^^^^ 

(l-«>*  (!-«)*  (i+,>*  (i+,j*  ^i^j^ji 
*  I1-ati..«anofth.«^,+l«.«^^^^^^^^^^ 

It    ^M 


9t  Pkofothattho 


of  a^iBftho 


(Th^ 


^{l-4m)'ilM 


Si' 


nM  MlMOMtdl  TMaOMMM 


•»*j*a*as* 


'«'*i*ai*ii8i* 


Oby"^  V0LII.P.  i0,;j;l?  ^^  ^  ***•  •■••«>-»  AliAm  rf 


to  a  dipw  of  mptnimSarSH  L.         "•****«»  "^  tfco 
<HMMlaia.  "^  "^  •"!»«**«•*«  wtom,  k  fxOUOOWT  or 

»UoodM«rtclortC^!Si    ^^•''*'*** 

In  Uko  OMaatr  if  tlM  aa^UMt ««  ». 
tl»oodM«.toforW.^;;;^'^jJ^  -tia  k  . 

*fc  *.  Wad  •ppto«iB»«rijr  tho  iqoM.  wot  of  99L 

-10  (l- J       1.1       111  V 

-^•••n«Wwii»i.tioo.tli,„,»lfci.9^jggyj^^,^  ^«MTijo 


If 


1- 


uo 


1,1 


ALOMBRA 


«s.«.  If«J»»«jaMitl^tointtll  that  tlMMk^  -  a  vi_v 


X- 


Tlifa  fnction 


(i+fc)»(i-«)»(i+a?y 

■i-j 

,4  ■•    . 


•ppradnat^ 


«1_7*    20bB«        ,     . 
i"    i~~^^**^®'*««I»we»  higher  Uun  the  *hW. 

BZBRCISBS 

>^  80,  eao.  8S4,  isaa 

«.Knd.pproiin«WytheTd»eole.chofthefoUowing:      ^ 
«S*,  9r*,  l+47»,540»  1+M7». 

find^h^cSSSrtrLl^^^  "^  •  ^^  -«-  i-  0000078, 

a+ar)»(l-&)t,  (4+a:)-»(l-«)-.,  (8+,)-»(i+.^,, 

a+4«)»+(i+6«)r         (It;^ — ^ 


TaaBtHOMUt  TMMOMMM 


denoted  by  /rJ    -SL  ?#     7        ^^"^  ^"""^^  ^  "•  ^Wch  wiU  be 
^  *■''  1.2 r ■  ^''•^^^w  be  (he  T»lae 

^->->+(7>+(?>+ +(:v+..... 

Al«^  if  m  ia  replaced  by  n, 

^.)-i+(r>+(;)«.+ ^(»y^ 

In  this  product,  the  coefficient  of  af  is 

c)*(r)c.",)^ (DC). 

This  series  of  fraotioiis  involving  f»  and  n  mav  h«  *AI«1  *  * 


lit 

AUfMBRA 

Tis •*^+ 

Hence,  aIso> 

■■/(f)-<'  +  «A 

1.2.......  7 — -«'+... 

P-itiv.  faction.         "«'««»o  tbe  eMe  in  which  the  «p<««*  i.  . 


rHM  BimsUAL  taWOHBM 


**«*»"  "•nd  the  ■«rie.l,««H«^  '  ««  U+«>» 

?•?  '^  *  **  •  «M8»«ve  intaaer  or  A^- 


•*•    /(-«')- 


<»tf  Am)  iawrittenirt  length 

H«iifle  tha  bbomuU  rule  «mii-.  *„  ..  ' 

"t^rorfmotian.  ^"*  '^  *^  ««  in  which  «  i.  .  ^^^ 


ben 


i+fe+w«.+ ^^,^^  •••• 

i+«+cv+ +caf +.;.;; 

r  <i^«„  that  can  be  f^^^^^.'^'^^^^P^^h^U^^ 

'••t.tiae.    He«.holerr«r^^nT"^"'^''«'"'«C 

'^ ***P°^«9«^toI,e«ht^ 


lU 


AZaWBtU 


Iht  kMm  am  itm  ngiamd  hf  onity,  tlit  prodlMl  of  iniiiite  M«te 
^"""■"■0 ♦•+«'+ /*or(l.o)-*  aadiathbtbeoodBdHi^or 


'^lii::^r'>' 


s 


•ad  this  fa  tlwwtow  the  wiiw6>r  of  homowiMOM  prodiMto  rf«  ihi««,  » 
ttkatiiM. 

7.  Hm  IteMriotllf  Onatiit  Vmn.    It  fa  propoMd  to  And 

the  Bomfatr  o|  tho  t«ni  or  ianim  of  grMteit  Bamerioia  rtim  in  the 

npMMfamof  (U»)P.  Tbe(r-i-l)thteraifafonnedfrom  therthbj 
onlt^pljiQg  faj 

whfahiii»ybeodtodtheimillv«ar>.|»«(r+l)rttom.  Aawem 
ooncemed  onlj  with  the  nvmeliod  valoe  of  tenn%  we  need  oonrider 
only  the  BvnMrioia  Talae  of  thfa  umltiplfar,  end  may  then  nrnpoee  » to 
be  poeitiTe. 

I.  Soppoee  f»  a  podtiTe  intafer. 

TbenaiBoerouinotbegieoterthMiii  +  l  the  miiltipUer  fa  ehnifB 
peeitiTe.    Now 

the  (r-i- l)th  term  >.<  the  rth  term 
..('i±i.l>>-<l 


•»+! 


>-<-=  +  ! 


»4-l 


>-<: 


«+i 


r>-< 


-^("•H)* 
«+l~* 


Ae  long^ea  r  fa  lem  then  thfa  veloe  the  tome  oontmne  to  ineneee  end, 
i<^iair  panes  thfa  TRfaiek  to  diminfah.  H —y^  fa  en  integer  |^  the 
mnltiplfar  lor  r-|rie  1,  end  the  j*h  end '- f  l)th  terms  «•  equal  end 


THE  BINOMIAL  TBMOBMM 


«U 


f«irt«th««yott.«.t««.     If^~:f  i.lnMrtfc«a«dh,IW,«tIl. 


iB*WMB^Mid^+ 1.  then  r.ji  ii  the  ImI  TalM  that 
lor  the  <r  4- l)th  term  fTMter  thu  unity  Mid  the 


n»k«ilheiiMilt%iHar 
ip+l)lk  term  it  the 


(1)  Let «  be  »  podtive  or  negrtive  proper  fMotloii. 
'J*"*  0<»+l<S 

.-.       0<!llJ<2,loreUrdw«rfr 

Ih«,«beingle«thMiI,  (i±i-l>  i.  n«nericaUy  le«  th«  1.  « 

^  the  multiple  for  the  (r  +  l)th  t««  i.  elwey.  mmmimnj  Um 
thM  lend  the  ilrrt  term  ie  the  gieetert.  «««»»iy  lem 

(2)Let«i»^l. 
^J^exp««i<mi.thenl+«+«^+ and  the  firrt  term  i.  the 

(8)LBtfi<-l. 
Put «--m  where  etiepodtive  and  git»terthMl.    Themnltl. 
pIieri.thenn^unericaIlJ(!!LtZzi)«,or(!izJ^.l)«.     11,,^ 

the  (r+ l)th  teim>  -  <the  rth  term 


(-ri^,) 


m-1 


«>"<! 


>-<i -1 


m-1 


>-< 


l-« 


>-<<!?zl)?.orZi2±I)? 


1-- 


rri 


^. 


US 


AlffMMRA 


(4)L»t»>l.  "  K^ 

(r+  l)tb  tmn  >  -  <r(h  twm, 


r> 


Mdthat,  f  thiiTnlaei,  „  integer,,,  tbe>h  •»!(»  + IVth  term.*- 

BZBRCISBS 

(1)  (!-«>' for  «-f 
(S)(l+«)»for*-f 

(S)  (1+0)^  for  x-l  uid  for  «.|. 

(4)  (!+«.)*  for  «-|.  ' 

In  MohtiM*  writedown  the  multiplin  for  the  2nd 
gfMteet  torn  ia  neolied. 

9.  Find  the  number  of  the  greeteet  term  in  the 
fdlowing: 

(l)(l+«)-fora.-|. 
(8)  (!+«)»  for  «-f 
(8)(l+«)-forjc=|. 
(4)(l+«)Vfar»-|. 


S>dt terma  ontfl  the 


e^MUiaion  of  eeoh  <rf  the 


'     THJt  BINOMIAL  TBMQMMM 


Uf 


■XAMPLIS 

(Horn— Wli«i,|nU»efoiio^jag^^^^y^j^^     ^  , 

I.  Hud  tlw  mlddl.  »«m  la  tb.  wqiMaion  o« /,- !  )". 

*h»  t«»  •«  «K»er  or !.»«  of  tb.  ««,  dg„  or  of  dt«n^^^ 
Oliutnitet 


powibiUty. 


i.  Shew  thai 


<^      0^       «^ 


e»-i 


5.  Find  the  oooffideiit  o£  «»+«'  in  the 


«3ciNU>aioni  cf 


(l+«i 


rr-Md 


6.  Sum  to  infinity ; 


0)i+A+ 


1   .    1.3 


1.3.5 


i^    10.20     10.80.30 


^  '9^9.18*08:27^ 


7.  Knd  the  Bom  of  the  first  n+r  ooeffidenti  in  the 


•xpenaionol 


"•  dioMmu 

&  U  «  ii  •  INMiMir*  imtpr,  ahtw  «|»| 

How  M^J  tOTM  Mt  IhlM  Ik  tllil  MriMt 
•.  SiMWthftI 

11.  SImw  tlMl  « 

la.  Shtwthat 

•k-%i+*^- +«(-irx-o. 

U.  GBieirtiiftt 

16.  Shew  (hat 

*t'+V+ +*^.«-(8n-l)!+(n-l)|  (1,-1)1. 

IB.  Shew  that 

faeqii.ItoOifni.oddandto(-l^«|+(j„)l(j^),i,^^,^ 
(«+|/Sri«M  odd  integer.  •««»«  P«  « 


N 


OHAPTBR  Til 


•M70I 


Tn  BxrovnriAL  avd  LOOABrmao  utm 

At  ■■yWlllHal  l«lML     It  b  propoMd  to  mmk»  m  brM 
oltteiaflaitoMriM 


•  .  ^ 


1+;+ 


I'll 


IT 


0) 


whidi,  on  aooomit  of  ito  tbapk  fermp  mighl  tmj  maOy  Imto 
wMMtod  ttodf  lor  wamimiHoa.    Thki  «riw  hM  •  iaito  UnH  for 


fliilto  TdMs  of  fl^  *  fMt  wUeh  win  bo 


•U 
Unto  for  ••llbo 


l+J  +  ^+ 


1 


1 


T^i.a'^ro'^no:* 


TXT. 


w 


TUsImI 


tobolMiUlM 


l+l+i+J^I- 


I 


S^O^iJl 


+F=i"»- 


wUflh  aflw  tho  ink  tana  fa  «a  inaaito  gwniiilihal  |inn»iMiw  with 


ratio  1 10  tho*  iti  ram  fa 


1  + 


_1^ 
1- 


brS. 


Thoo the MriM(S)hM« Unite UmikbofewoMiS Midi  lUeUaik  _ 
bgr  taking  a  raAdent  nvmber  of  tenna,  be  foond  to  any  degioe  of 
aoeatafl^fant  it  oaaaot  be  oompnted  eauMtiy.  Ite  valae  fa  deaotad  br  • 
•otbat  ' 


•-1+T+ 


1 


1 


1  1.2  ro 


in  inf.       (/) 


Appraodoiat^ly  «-  27183818 

Denote  the  eeriee  (1)  by  F(«), 

m.    Then  patting  lor  a;  the  Talnee  m  and  «  we  have 


thosiadieatiag  that  it  fa  a  fanetion  of 


"*  ALOMBMA 

"«*>-'*Ti*lT* *7T* 

ittk*^  £r  "*•  "^  ■"  ■"'^  - " '^  ""  ""^ 

h  »!■  p«h«t  u»  tan.  .1  r  dhMMta,  to  »  ^  ,  b 
wlii«b  Mw  b*  pat  in  tlM  form 

wUdibaqMlto  («,|») 

Tli#itiTiBgtorlh«naM.l.f,a, w«li»w 

f(i»).Fti.)-ul!!!j!;!!!)+<-!>^  +(2±*r+ 

^Jl^  prodact  i.  th.  ««rf»  or  p«tll»g  «+» I.  pl^  ol  (.)  to  a^ 

Flf«»).l(ii)-F(«+»).  (//) 

■^^^^-^O) to«faotow-F(l  +  l  + tO.tWM). 

/.  {F(1)}'-P(«)  (///) 

fe|beMi7podtiy»frmotioii,p»nd^UiiiginUgwfc    Tim 

^^KJ) to<rfa«to«-p(2+J+ t»gt««.) 

p}*-F(F)-{F(l))',lqr(///)rfiice|»i..podtiT«i«iti^. 


(//X 


N«ifc 


nur  MXFOKatmAL  amd  WQAmraun  uuumb    in 


»(P- {»<>)}•  (m 


^JJjJj^ J^  (^n  H  IdUow.  tiNil  lor  .U  poiltiT,  fai.,«|  » 

{F(l)}-f(.X 

'(-f)-»(|f)-*(-|f-»-jf)-l(0)  wUdi  te  Mm  tobt  1. 
Tkwaln^nplMiiif  -y  byi^  w«h»T.  whm«lt»nM»H»»  iaiM^or 

i(»)-{f(i)y 

Bmm  tor  aU  podllf*  or  iMf»l|f«  iiit«liml  or  frMiioMl  TdoM  of  fl^ 
B«t 9(1). «(. 9-7189818 ofii^oadiiiiitdyX    Thmfcro 

""'^ri^ti* *ii* (H 

Tliit  ia  tho  tqpoMBtiAl  thtonn. 

S.  LQfMithmi«nMrniL  In(r)of  thopwoadiagartiolorepUoe 
•  ^«  loft*  ll»«^  dnoe  •••V- {.•*/}•-«-  by  the  dofiniUon  of 
kVuritiuB,  it  follows  that 


^.,^«l0ftfl^«t.(l0g^)« 


In  thiipatflsal+fk 


1.8 


a.i.«y,i4.?ygiiilJ:y)^«'{iofc(n-»)} 


1.8 


iMyW 


Mat  •(  •  I.  tk.  tm  niM.  .1  ( 1 4.  y/,  n  kM^ 


"nftiiadlmgthmkpuUkm, 


vMifcrlhw. 
iottd  tlMgr  «•  bt  dMn 


iiMl 
tteMriMM^lMaodilta 


iBftmm  to  tht  bM«  •  iMTt  bMB 


•«v 


to  lofMitlMM  to  bM  la 


Vor  tef% 


>««i.N-}2fe»: 


ANSWKB8 


PiMf 

'■•■•"»   W   A  inpwigr  lor  fvtqr  «vWhi  «f  Ik*  llM. 

Ittamnm :  Rms  • 
I    (1)    U|   d)    Iti   (^  ji,rt    (4)   ak.    t    Uli,nfk 


>:  Pmi  9 


!• 


4iB-i-tr-o.  m-  (1)  •v-(»*-iM)B4.fl*.ot  m  ^4.ki4.«-Arm 

«^-0{     (f)     •o«-(»«-4oe)»+l-0.      tt     (,-«>«-(.-r>(f.-M     M. 
M^-»+,-e4.,.     14.    a,«,  lo,  ..4  ^  JJ    LtS^m  bS««  4 


1.  4,-ia;(»-  .^/. 


Pasb  tl 

^i'^li  T^l•a  W±"^r-'  *a.iM-rtv-u 


IM 


^I^MBBA 


):PamS7 

*»^»«« :  Paoi  87 
1.  One  red  root  between  -fi  «n<i      i 
b.*w«.S«d4    4  61#rS.    7  ?»  ^r'i*^-"  0  and  1  .nd  one 

l/ft)+8.  *"•*' iv"»±K«»*-4)  where  m-(-li 

»i.    ».  line  h«KJd.    W.EqLl^    *       *^    ttSOctado..     gi  !«, 

^*^^>«w« :  Paob  87 
M.0^0,0;3,8,l.    U.ia;4         ^"*^"*'     '•  *^-     l^.  ±8,  ±B,  ±a 

^'^'■■CUM:  P^s  46 

*»"0M«8 :  Paoi  60  • 

*XAWt«8 :  Paob  61 
l.e»-64-4..     2.  0-0628 ofcmfc    8.  i.-iWL    K  *.«-i       ,,       - 

•.  .-10*.  10.  i^iisr  a  3i«?8ir  u  r;^3  J4i-fj:a^  ^-^ 

^i^Kitcms :  Paoi  66 
IS.  a  •     '*^'  "^    «.  3,12,21.    1  ,r,.    u,  5p, 


AjrawMBs 

ExnMcatM :  Paob  68 

4  ij!ii'.::;.',!S5. '  "■*■ '*  *■  {<-'+»>•+'♦}+(«+»• 

Ktiwtww  :  Paoi  60 

o    ^/ix^^i.*^'     '^^   ^^^^'   '">  -6»j   (4)   68;  (6)  (6S«+13786)+fc 

-17-16-18 19.  1«1«*.  T...,*».    17. 

Kumoun :  Paob  64 
1.    (1)    8»,6^»;     (2)    7.2«,7.a^«;     (8)    2+y.8+3i»-i,     m    1^.0. 

EzaBonM:  Paoi  66 
1.21,63,189.    2.86,246.....    3.24,144..... 

Exww.nwt :  Paoi  68 
t    (1)   KB^-l);    (2)    J(7-7^;     (3)    K2+2^-     U\    1j.|/i«. 

(*-l))-r(a-6X 

^Bznonn:  Pioa  73 
1.    (1)    I:    (2)    3;    (3)    f    2.    (1)    16j    (2)    ^^  (3)    81      «  ,-4. 

KM«cnw :  Paob  76 
•.raSS'^-      2.  •148412.      3.1406910.      4  WOOa      6-  «1849.34. 

ExBBcmn :  Paob  78 
L  106,  -106,  -36,  -21.    2.  6  and  infinity.    3.  840^  420,  28a 

KxiBcmg :  Paob  80 
1  12,  16.    2.  7i,  6,  4|.     fi.  pq-i-ip+q^ 


ALQMBBA 


Pmb  at 


FauM 


■V 


fawCTM :  Pass  35 
IWBCTMM :  Paob  89 

I 

KxBiiCTMi :  Vmom  91 

3W80,  (i>  «sto,  (8)  »ieo.  a  ioaJia  u  f^   ^  ^^ 


t  1298628.    186,128^1.    8.466, 


PiioB  96 
4.1&    6.  36. 


«.  "(»-l)(»-2)+8| 


ANaWMBS 


m 


TtamVr 


+  i»l(f»-ii+l)l}.    &    (1)  486;    (8)  86;    (8)  la 


&  10^  1M& 


Pam  100 


ICtmww  :  pAoa  108 


a.  81  aiV-K8J  81);  80!  (bV*+(10!  10!);-14f  (8«W»ifV+rr!  »n. 

1^-HMl  11!X88I  «^V«+(111  18I);17I«V-+9!81, -17f«V+8ir 
1  (-ly*!  af+(i»-r)l  r!;  m!  »af+(«»-r)l  r!;  (-1)^!  ,*.-.lV+(».,j, 

BxMMTWii :  Pao>  108 

(6)(r+lXr+8Xr+8y+L8.3;  («)  m(m+lX..:(Ur-ltXlAa  / 
a.  -l.a....(8r-8)«f+(8.4.....8r);  l.a....(9r-l)rr+(8.4.^:..ari.  fliy 
l^....(ar-6)S»laf+(a.4....8r..r);  6A . . \(r+4Xa.>^;(L8.'  ^    V^ 

>^  a  -».7.6.to.+a4..,.ia  a  (-i)-'a6...„(8rli^;r6  .liiT*. 

(-iy8.a....(Sr-l)«r+rl;  l.ail.....(6r-4)if+(6.ia..  ^riir+iV' 
(«)    (l+i)*;    (3)    (l-|)-j;    (4)    (l-D-i.  «•    W   (1    «    . 


Paob  110 
L  4-89898;  8-04487;  84-8998;  14-9868;  34«8a    &    8-97906  •  0448M. 


(4)    8>d«iid 
(4)    19th. 


Paob  116 
4tli.    a    (1)    6th«iid6ih;    (2)    8th;    (3)    84th wid 26th ; 

KxAMTUM :  Pioa  117 
1,  (-l)^(2n)l^(«I«IX    a  «•;  9»(n+r+l)-na^.    a  (1)  •6+8- 
^+jl    1.     7.   2.(«+r)-«2-».     la   *.4.(l-a:);    {(n+l)«.-«^«i; 
a-*)*,    la  26!-h(6I.7l.lSIX    ia«(»-l)(4»»+16i»-21)+a 


